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Notation

Set theory

xeA x is an element of the set A
AUB union of two sets
ANB intersection of two sets
A\ B difference of two sets
AAB symmetric difference: AAB = (A\B)U(B\ A)
P(A) power set of A (the set of all subsets of A)
(x,)N, finite sequence x;, x,, ..., Xy
(x,)21 infinite sequence x,, x5, ...
(x,), countable (finite or infinite) family
(x)ier family indexed by an arbitrary index set I
U..; A; union of a family of sets
s Ai intersection of a family of sets
. A union of disjoint sets
|A] number of elements in the set A
Sets of numbers
IN natural numbers 1,2, ...
Z integers
Q rational numbers
R real numbers
C complex numbers
C Riemann sphere C = CU {0}
iR imaginary numbers
D open unitdisc D = {z € C : |z] < 1}
B(z, 1) openball B(z,r) ={fw e C: lw—-z| < r}
A(z,1,R) annulus A(z,7,R) ={w € C : r < |lw—z| < R}

Complex analysis



Re(z) real part, Re(x +iy) = x

Im(z) imaginary part, Im(x +iy) = y

|z| modulus, |z]| = /x? + y?

z conjugate z = x — iy

Arg(z) principal branch of argument, Arg(z) ¢
(=7, 7]

Log(z) principal branch of logarithm, Im(Log(z)) €
(=71, 7]

anp exterior product of & and 8

dw exterior derivative of w

Usual conventions

U opensetU c C

zZ,w complex numbers

X,y real coordinates, z = x + iy

curvey: [0,1] - C



Introduction

The aim of these lecture notes is to present the basics of complex analysis
with the main points of focus being contour integrals and power series. More
broadly, complex numbers provide a flexible framework to do vector analysis
in the plane, and to fully leverage their power in computations we have opted
to present our complex calculus in a modern way using differential forms. In
this way, many of the classical complex analysis results such as Cauchy’s inte-
gral theorem are seen to be simple consequences of Stokes’ theorem and hold
not only for holomorphic functions but for arbitrary closed 1-forms.

The lecture notes have been written from scratch without following any ex-
isting text books or lecture notes in particular, but some sources of inspiration
have been the earlier lecture notes by Hurri-Syrjanen [2] and the text books
by Rudin and Spivak [4, 5] for differential forms.



Complex numbers

1.1 Complex arithmetic

The history of complex numbers is closely linked with the history of solving
polynomial equations. The third order equation x* + px + g = 0 for given
P> q € R can be solved using Cardano’s formula

3 2
2 4

I‘

2 3
When L + % > 0, this can be computed using real numbers to get a real
2 3
solution of the equation. On the other hand, when Z- + 5—7 < 0 it turns out that
the roots are all real, yet cannot be expressed using only real-valued square
and cubic roots. This eventually led to the expansion of the number system
by introducing imaginary numbers such as i = v-1. A modern algebraic

definition of complex numbers from this point of view would be the following.

Definition 1.1. The ring C = R[i]/ (12 + 1) is called the ring of complex num-
bers. .

Here R[i] denotes the ring of real polynomials of the symbolic variable i,
and (i? + 1) denotes the ideal generated by the polynomial i* + 1. This means
that in the quotient ring R[i]/(i* + 1) the equation i* + 1 = 0 holds and hence
i is a square root of —1.

Example 1.2. If x; + y,i € Cand x, + y,i € C, then their product is

(1 +y10) (% +3,0) = x1x2+x1y2i+y1x2i+y1y2i2 = X1 %= Y1 Yo+ (% )y + Y1 %,)i

In particular i® = 1,i' = i,i* = -1,i> = —i,i* = 1. .

By using the relation i = —1 any polynomial a,i" +a,_i" ' +--- +a,i +a,
can be reduced to a polynomial of the form x+iy for some x, y € R. Moreover,
x, +iy; = x, +iy, ifand only if x; = x, and y, = y,. This means that we can
also define C as ordered pairs of real numbers, or equivalently as points in the
Euclidean plane R%.

Definition 1.3 (Alternative definition of C). The ring C, also known as the
complex plane, is defined by endowing the vector space R* with the multi-



1 Complex numbers

plication operation (x,, y;) - (x5, ¥,) = (X1%, — ¥1 V5, X1V, + y1X,). We write
(x,y) = x +1iy, treating 1 = (1,0) and i = (0, 1) as basis vectors. .

Lemma 1.4. The two definitions give rise to isomorphic rings via the isomor-
phism x +iy — (x, y).

Proof. Exercise. ]

Remark. Although it does not matter whether one uses Definition 1.1 or 1.3,
for the purposes of this course the second one is perhaps more natural since,
as we will see, complex analysis is tightly connected with the geometry and
topology of the Euclidean plane. The advantages of the first definition are that
it is historically motivated, and that if one knows about polynomial rings and
their quotients, it immediately tells us that C is a commutative ring. .

Definition 1.5.If z = x + iy is a complex number (with x, y € R), then x is
called the real part of z and denoted by Re(z), while y is called the imaginary
part of z and denoted by Im(z). .

In particular R is embedded in C via the mapping x — x + 0i. The sets
R ={z € C: Im(z) = 0} and iR = {z € C : Re(z) = 0} are called the real and
imaginary axes, respectively.

Definition 1.6. The modulus of a complex number z € C is its Euclidean
norm |z| == YRe(2)? + Im(z)? € [0, 00). .

We recall that norms satisfy the triangle inequality |z + w| < |z] + |w].

Definition 1.7. The complex conjugate of a complex number z = x + iy is
givenby z == x — iy. .
We have illustrated the complex plane, the real and imaginary axes, a com-
plex number z, its conjugate z and modulus |z| in Figure 1.1.
A useful property of the complex conjugate is that it can be used to factor
|z|?, since for z = x + iy we have

2z = (x +iy)(x —iy) = x* + y* = |z|%.

We can use this to show that C is in fact a field, meaning that every z € C\ {0}
has a multiplicative inverse. Indeed, note that since R is a field, the inverse of
|z]? exists and hence Z/|z|? is an inverse of z.

Example 1.8. The inverse of 1 + 2i is

1 1-2i 1-2i 1 2,
= =—-— - .

1+2i |1+2i> 12+22 5 5

In the following lemma we have listed some basic identities regarding con-
jugates, real and imaginary parts and the modulus.



1 Complex numbers
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Figure 1.1: The complex plane.



1 Complex numbers

Lemma 1.9. The following hold for all z,w € C:

||

=z

+tw=z+w

°
N

e ZW=2Z-W

(z/w) =z/w (assumingw # 0)

Re(z) = 3(z +2)

Im(z) = 5.(z - 2)

. |z] = lz|
o |zw| = |z]|w|
Proof. Exercise. O

1.2 Convergent sequences and series

In Definition 1.3 we interpreted complex numbers as points in the plane. This
also lets us use the Euclidean topology of R? as our topology in C. In particular,
we use the modulus | - | to define the distance |z — w| between two points
z,w € C, which makes C a complete metric space. We denote by

B(z,r) ={w e C: |lw-2z| <r}

the open ball of radius » > 0 around z € C.

Theorem 1.10. The operations (z,w) — z + w, (z,w) — zw, z — z, z — |z|
and C\ {0} > z — z ! are continuous.

Proof. Let us check (z,w) — zw and leave the rest as an exercise. Note that
(z,w) — zw can be viewed as a map from (R*)*> = R* — R? given by
(X1 Y15 X5 ¥5) = (%%, — ¥1 Vo> X1 ¥, + X, ¥1), which is continuous since sums
and products of real numbers are continuous. (Notice that we used here the
fact that the product topology of R* xIR? is the same as the topology of R*.) [

As usual, a sequence (z;),.; of complex numbers converges to z if for every
€ > 0 there exists k, > 1 such that |z — z;| < e for all k > k,. This is equivalent
to asking that the coordinate sequences (Re(z;));s; and (Im(z));s; converge
to Re(z) and Im(z).

Definition 1.11. If (z; )., are complex numbers such that the sequence S, =
Y1 2 converges to S € C, we say that the series ) 2, z; converges and equals
S. .

10



1 Complex numbers

Again, convergence of a series ) 12, z; is equivalent to the convergence of
Yrog Re(zy) and )72, Im(zy).

Definition 1.12. We say that a series ) ;, z; converges absolutely if the series
Yro; |zi| converges. .

Lemma 1.13. If a series converges absolutely, then the series converges.

Proof. Since C is complete, it is enough to show that ) | z; is a Cauchy se-
quence. For n > m we have by the triangle inequality

n m
Z 2k~ Z Zk
k=1 k=1

which goes to 0 as n,m — 00 since by assumption ) ;_, |z;| converges and is
therefore Cauchy. O

n

> %

k=m+1

n

< Yzl

k=m+1

One useful application of absolute convergence is to the exchange of order
of summation.

Theorem 1.14. Let (2;);}-, be a double sequence of complex numbers. Suppose

(6] (6] (e¢) (ee] (o] (6] H
that ijl i1 Zjkl < 0o. Then ijl Yot Zik = ey ijl z;x and both series
converge.

Proof. Writing z;; = x;j; +1y;) and noticing that [x;,| < |z;[|, we see that
21 2y 1%k < 00. By the corresponding theorem for real double sequences
we then get

Mg

M8
R
I

M8

00 00 00 0
2. VK= D Vi
j=lk=1 k=1 j=1

and it follows that

1.3 The exponential function

Definition 1.15. A series of the form Y a,(z — zo)* where a;, zy,z € C s
called a power series with coeflicients g, and variable z, centered at z,,. .

A power series f(z) = )2, ar(z - zo)k defines a function f: D — C on
its domain of convergence D = {z € C : zk=1 a(z — zo)k converges}. We will

11



1 Complex numbers

study power series in detail later on, but for now we will just use it to define
the exponential function.

Definition 1.16. The exponential function exp: C — C is defined via the
power series

exp(z) = Z i— .

Lemma 1.17. The power series of exp(z) converges absolutely for every z € C.

Proof. 'The limit )2, lf{—l,k exists and equals e/l by the definition of the real-
valued exponential function. O

Similarly to the exponential function we may define the functions cos(z)
and sin(z) by extending their known power series to the complex plane.

Definition 1.18. The trigonometric functions cos(z) and sin(z) are defined via
the power series

0 ( 1)kz2k ( l)k 2k+1
=) —— d =)y —. .
cos(z) k;) 20! and sin(z) := I;) 2kt D)

Theorem 1.19 (Euler’s formula). For any z € C we have
exp(iz) = cos(z) + i sin(z).

In particular when 0 € R, exp(i0) lies on the unit circle at angle 0 counter-
clockwise from the positive real axis.

Proof. We have

. lka o iZkZZk 0 i2k+122k+1
exp(iz) = = +
k—o kU (2k)! = 2k +1)!

1)k 2k i(—l)k22k+1

(-
B Z (2k)! 2k + 1)!

k=0

= cos(z) + isin(z). O
k=0

The exponential function satisfies the same functional equation as in the real
case.

Theorem 1.20. We have ™ = e*e® forall z,w € C.

Proof. By the binomial theorem we have

12



1 Complex numbers

Since the series converges absolutely, we may change the order of summation

and get
Z+w_oooo k- oooon B
DIy EZO,;) wkt ~© -

1.4 Polar coordinates and the logarithm

Recall that polar coordinates can be used to specify a point in the plane by
giving its radius > 0 and angle 6 € R, in which case its Cartesian coordinates
are (r cos(0), r sin(0)). By Theorem 1.19 the complex exponential function lets
us write this concisely as re®.

Conversely, given z € C we have z = |z|e' 283 where arg(z) is the argu-
ment of z. For z = 0 any argument can be used, while for non-zero z the
argument is well-defined modulo integer multiples of 277. A common way to
fix the argument is to constrain it to the interval (-, 7], in which case one can
use the specific choice

0, itx>0,y=0;
m, if x <0,y =0;

Ar (x+i )Z X :
5 4 %—arctan(;), if y > 0;

—7 — arctan (f) , ify<o.
The function Arg is known as the principal branch of the argument. It is
not continuous along (—00, 0], which is called the branch cut of the princi-
pal branch. See Figure 1.2.

Example 1.21. Let us find the polar representation of —3+2i. We first compute
the modulus | — 3 + 2i| = V9 +4 = V13. Noting that y > 0, we see that its
argument is 5 —arctan (_73) ~ 2.55 ~ 146°. Hence, =3+2i = /13¢!(2 rtan(3))
*
Let us next give geometric interpretations to complex arithmetic. The addi-
tion z > z +a is equivalent to addition of vectors of R* and just translates z by
a. The map z — Z can be viewed as a reflection in the real axis. Multiplication
is a bit more interesting since it is a combination of rotation and scaling.

Proposition 1.22. Let z,w € C )\ {0}. Then zw satisfies |zw| = |z||w| and
arg(zw) = arg(z) + arg(w) (mod 2m). Similarly, z/w satisfies |z/w| = |z|/|w]
and arg(z/w) = arg(z) — arg(w) (mod 27).

Proof. The identity |zw| = |z||lw| was part of Lemma 1.9. Let arg(zw), arg(z)
and arg(w) denote some choices for the arguments of zw, z and w, respectively.

13



1 Complex numbers

/

/\ 0 = Arg(z) € (—m, ]

>

Figure 1.2: Polar coordinates and Arg.

14



1 Complex numbers

We note that

IZwIei arg(zw) _ Zw = |Z|eiarg(z)|w|eiarg(w) — |Zw|ei(arg(z)+arg(w)))

which implies that arg(zw) = arg(z) + arg(w) + 2ﬂki for some k € Z. The
division rule follows from the fact that w™! = |w| e~ 28®). l

In particular note that multiplying by re” is equivalent to rotation by angle
0 and scaling by r.

Example 1.23. Multiplying by i = "2 is equivalent to rotation by 7/2 radians

(90°) counter-clockwise. .

Example 1.24. The roots of the polynomial 2" — 1 = 0 for n > 1 are given by
z = 2k with 0 < k < n — 1. They are called the n-th roots of unity. .

In general, a nonzero complex number z = re® has n n-th roots given by
ri/ngid/ne2nikin for 0 < k < n— 1. When we write 4/z, we can in principle be
referring to any of these roots. When a choice has to be singled out, a popular
approach is to take ¥/z = |z|'/"e! A8/ which is the principal branch of the
n-th root defined using the principal branch of arg.

Finally, let us note that the map from Cartesian to polar coordinates can
be also viewed through logarithms. Indeed, z = |z[e!*8@ = elog(lzD+iarg(@)
motivates the following definition.

Definition 1.25. Let z € C\ {0}. For any choice of arg(z), the number
log(z) = log(|z|) + i arg(z)

is called a logarithm of z. Here log(|z|) is the usual real-valued logarithm. The
unique choice
Log(z) = log(|z]) + i Arg(z)

is called the principal branch of log. .

One has to sometimes be careful with the multivalued nature of arg: We
always have exp(log(z)) = exp(log(|z|) + iarg(z)) = |zle’ 283 = z for any
choice of arg(z), so taking exponentials of logarithms is generally straight-
forward. On the other hand log(exp(z)) can in principle be taken to be any
number of the form z + 27ki for k € Z! For this reason it is often impor-
tant to keep track of the exact value of arg(z) being used. Notice in particu-
lar that Log(exp(z)) = z holds if and only if Im(z) € (-, ], while for in-
stance Log(exp(2mi)) = Log(l) = 0 # 2mi. Similarly, the addition formula
Log(zw) = Log(z) + Log(w) holds if and only if Arg(z) + Arg(w) € (-, 7].

15



Vector analysis on the complex plane

The purpose of this chapter is to introduce convenient notation and tools for
doing calculus on the plane. In particular, we will define complex-valued dif-
ferential forms and integrals over curves and regions. Our main result in the
end will be Stokes’ theorem, which is a generalization of the fundamental the-
orem of calculus. To keep the exposition light, we will restrict ourselves strictly
to the plane and the real line.

2.1 Integrals over curves

Definition 2.1. A map y: [0,1] — R? is called a C'-curve if y’ (t) exists and
is continuous for all t € [0, 1] (with one-sided limits at end points). .

Let y be a C'-curve. If f: y([0,1]) — C is a continuous function defined
on the curve, we would like to define integrals such as

L f(z)dz.

Intuitively, we view this as a Riemann sum

N
| f@dz= Y fe) -2,
Y n=1

where (z,,)Y., is an evenly distributed collection of points on ([0, 1]), running
from y(0) to p(1). We could also do the change of variables where we write
z, = y(t,) for points t;, < --- <ty € [0,1], and get

j f@)dz =) fy)yty) —yE) = Y FHE)Y )t —t,)
Y

1
. L FO©)y' (1) dt.

In fact, we will soon take the last formula as a definition for the integral. Note
that the orientation of y matters: the integral over the opposite curve y(t) =
p(1 — t) should satisty

L f(z)dz = - L f(z)dz.

16



2 Vector analysis on the complex plane

The quantity z,,.,; — z,, should be viewed as an (approximate) tangent vector
at the point z,,. The symbol dz in the integral is an example of a differential
1-form, and it signifies that we should sum up the tangent vectors themselves
(multiplied by f(z,) using complex multiplication).

Another example of a differential 1-form is dx, which maps a tangent vector
to its x-component. Thus, when integrating against dx we should intuitively
think of the Riemann sum

J f(z)dx = Zf(zi)Re(Ziﬂ - z;).
Y
Similarly, we have the 1-form dy, for which
J f(2)dy = Zf(zi) Im(z;,, - z),
Y

and thus we can write dz = dx + idy.
Let us now make this more precise.

Definition 2.2. A tangent vector on R? is a pair (p, v), where p € R? denotes
the base point and v € R? the direction. For every fixed p € R? we let IR?, be
the set of all tangent vectors (p, v) based at p and call it the tangent space at
p- .

The set lRf7 becomes a vector space isomorphic to R? by defining (p,v) +
(p,w) = (p,v+w) and c(p,v) = (p,cv) for c € R. We will also often abuse
the notation and identify (p,v) € ]Rf7 with v, as if v already contained the
information about its base point.

Definition 2.3. A (complex-valued) differential 1-form w on U ¢ R® is a
map which assigns every p € U a R-linear map w, : ]Ré — C. .

By R-linear we mean that wp(u +v) = wp(u) + wp(v) and wp(cu) = cwp(u)
forall u,v € IRI% andc € R.

The standard 1-forms dx and dy simply act on vectors v = v, + v,i written
in the standard basis (1, ) by dxp(v) =v,andd yp(v) = v,. Note that R-linear
maps IR?, — C themselves form a (C-)vector space (lRé)* with basis dx, dy,
and hence one can write any differential 1-form w in the form

w = a(p)dx +b(p)dy

for some functions a,b: U — C (we usually drop the subindex p from the
forms to lighten the notation). We say that the 1-form w is C* for a given k > 0
if a and b are C¥, meaning that their real and imaginary parts are C¥.

Remark. Why R-linear and not C-linear? We want to have dx(i) = 0, but if
dx was C-linear, we would have dx(i) = idx(1) = i. In other words, dx and

17



2 Vector analysis on the complex plane

dy would not be independent and things break down. .

Definition 2.4. Let y be a C'-curve and let w be a continuous 1-form defined
on the curve. The integral of w over y is given by

! ! ! ! . ! !
L w = Jo wy (y' () dt = Jo Re(w,, (y' (1)) dt +i L Im(w,, ) (y' (1)) dt,

where the integrals on the right are the usual real-valued Riemann or Lebesgue
integrals. .

Example 2.5. Let w = 2dx + xdy, and let y: [0,1] — C be the C'-curve
y(t) = t + it Then y'(t) = 1 + 2ti, so that dx(y'(t)) = 1 and dy(y'(t)) = 2t
and

1
J w = j (2dx + xdy) = J dx(y'(t)) + x(y(®))dy(y' (t))) dt
Y Y 0
1
:J Q2 +t-2t)dt =3,
0

where we viewed x as a function x(u + vi) = u. .

It is important to note that the integrals do not change if we reparametrize
y (without changing orientation).

Lemma 2.6. Let y be a C'-curve, ¢: [0,1] — [0, 1] an increasing C' bijection
and y = y o @. Then for any continuous 1-form w we have

oo

Proof. We have

1 1
Lw ) Jo Wy (y' (1)) dt = L Wyp(en (V' ()" (5) ds

! 1
) L Wy (V' ()" (5)) ds = L Wy (' () ds = L w,

where we used the change of variables t = ¢(s) and the linearity of w. ]

As already hinted above, we also define the following complex differential
1-forms.

Definition 2.7. The complex differential 1-forms dz and dz are given by

dz=dx+idy and dz=dx-idy. .

18



2 Vector analysis on the complex plane

Example 2.8. Let y be a C'-curve and w = fdz a continuous 1-form on
y([0,1]). Then

1 1
[ o= rowue@rd=[ o wa. .
14 0 0

The computations in the examples above might look a bit cumbersome, but
we will learn a systematical and more concise way to make them using pull-
backs in a bit.

2.2 Integrals of 2-forms

We will next define differential 2-forms. Similarly to differential 1-forms which
measure signed lengths, differential 2-forms measure signed areas.

Definition 2.9. A differential 2-form w on U ¢ R? is map which assigns every
p € UaR-bilinear map w,, : (IR?,)2 — C, meaning that

wp(u +v,w) = wp(u, w) + wp(v, w)
wp(w, Uu+v)= wp(w, u) + wp(w, V)

wp(cv, w) = cwp(v, w) = wp(v, cw)
forall u,v,w € lRi, and ¢ € R. We also require that w,, is alternating, so that
wp(u, v) = —wp(v, u)

forallu,v € IR?,. .

The rough idea is that w, (1, v) measures the weighted area of an oriented
parallelogram spanned by u and v. The orientation of a parallelogram can be
given by assigning an ordering to the edges u and v, i.e. saying which of the two
edges comes first. If the second edge is to counter-clockwise direction from the
first one, we say that the orientation is positive, and otherwise negative. This
is accounted for in the definition by requiring that if we swap u and v then the
sign of a 2-form w,, (u,v) changes. Notice that this implies that wp(u, u) =0.

Using the multilinearity and alternating property we see that if u = u; +iu,
and v = v, + iv, are expressed in the standard basis, then

Wy (U + iy, Uy +10,) = (1,0, — U0 Jw, (1, 9).

Recall that the front factor

U, v
U0, —uv; =det| 1),
U b

19



2 Vector analysis on the complex plane

is indeed the signed area of the parallelogram spanned by u and v, while the
factor w,(1,1) is a constant depending on p but not on u and v. The standard
2-form dx A dy is defined by letting

(dx Ndy),(u,v) = uv, —uyv,

and satisfies (dx N\ d y)p(l, i) = 1. Thus, we see that every 2-form w is of the
form w = f(p)dx A dy for some complex-valued function f(p).

Above the A in dx A dy stands for the exterior product of the 1-forms dx
and dy. More generally, if w; and w, are two 1-forms, their exterior product
is given by

(w; A w,y) (U, 0) = w; (Uw, (V) — w,(U)w, (V).

One can easily check that this defines an alternating multilinear map and that
(dx Ndy)(u,v) = u;v, — u,v; holds.

As for parametrized curves, we have the following analogous definition for
integrating over parametrized regions.

Definition 2.10. Let ¢: [0,1]* — C be a C'-map and w a continuous 2-form
defined on ¢([0, 1]?). The integral of w over ¢ is given by

1l
L ©T Jo Jo Wo(x,y) (0P (X, ¥), 0, p(x, y)) dx dy,

where 0,¢(x, y) and 0,¢(x, y) are viewed as tangent vectors in ]R%P(x)y).

Note in particular that if w is of the form w = f(x, y)dx A dy for some
continuous f: ¢([0,1]?) — C and ¢ = @, + i¢p,, then

*

1 1
J w= L L F(@(x, 1)) 0,9 (x, ¥)0,9,(x, ¥) = 0,0, (x, ¥)0, ¢, (x, ) dx dy
¢

1 1
=j L Flplx, y)) Jac, (x, y) dx dy,

0

where Jac,, is the Jacobian determinant of ¢.
As in the case of curves, the value of the integral does not change upon
reparametrization.

Lemma 2.11. Let ¢: [0,1]> — C be a C'-map, h: [0,1]* — [0,1]* a C!
bijection with positive Jacobian determinant and ¢ = @oh be a reparametrization
of . Then for any continuous 2-form w we have

[
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2 Vector analysis on the complex plane

Proof. We may assume that w is of the form f(x, y) dx A dy. Then,

j w = . f(p(x, y)) Jac, (x, y)dxdy
¢ J[0.1]?

= - 7 f((P(h(u, U))) IaC(p(h(u, U)) ]ach(u’ U) du dv

‘[0,

= . f(@(u,v)) ]ac¢(u, v)dudv
JI0,1]2

= w’
°9

where we used the change-of-variables (x, y) = h(u, v) and chain rule. l

Let us finally note that in the plane it is also possible to directly make sense
of integrals of 2-forms instead of looking at parametrized surfaces.

Definition 2.12. Suppose that f: R? — C is an integrable function. We then
deﬁneff(p)dx/\dy :=If(p)dxdy. .

The reason we still care about Definition 2.10 will become clear in a bit when
we consider integrals over chains and prove Stokes’ theorem.

2.3 Computing with differential forms and Wirtinger derivatives

Having defined 1-forms and 2-forms, it is useful to also define a differential
0-form on U ¢ R? simply as a function f: U — C.

Let us first extend the definition of the exterior product to include 0-forms
as well. In general if @ and 8 are n- and m-forms, A S will be an n+m-form. In
the plane there are no non-zero n-forms for n > 3, so we only need to consider
the cases where n+m < 2. Since we already defined the product of two 1-forms
w, and w, to be given by

(w; A wy)(U,0) = w, (W)w, (V) — w, (V)w, (u) = —(w, A wy)(u,v),

we only need to define the products of 0-forms with either 0-, 1- or 2-forms.
In all these cases the definition is the same: If f is a 0-form and w is an n-form,
then

(f/\w)p(ul,... JU,) = (w/\f)p(ul, oy, = f(po(uy, ..., u,).

In other words, wedging with f just becomes scalar multiplication by f(p).
From the definition we see in particular that A distributes over addition and
that w A w = 0 for 1-forms w. For instance,

(fdx+gdy) AN (udx +vdy) AN p = p(fv—gu)dxNdy
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2 Vector analysis on the complex plane

for any functions (0-forms) f, g, u, v, p.

The second operation we will define is the exterior derivative which maps a
k-form to a k + 1-form. For a differentiable 0-form f itisa 1-form d f defined
as the directional derivative

. fp+tv)-f(p)
dfP(U)_H% t ’

where (p,v) € lRi7 is a tangent vector. This means that d f,, can also be viewed
as the derivative of f in the usual sense as a map R* — R?, which is given by
the Jacobian matrix. In terms of dx, dy we have

df =9, fdx+d,fdy.

The derivative of a 1-form w = fdx + gdy is defined by taking the derivatives
of the 0-forms f and g and wedging with the existing 1-forms, so that

do=(df)Ndx+(dg)Ndy
which turns out to equal

(0,9 -0, f)dxNdy.

In two dimensions the derivative of a 2-form is always 0.

An important thing to note is that the coordinates x and y can be viewed
as functions on R?, with x(u,v) = u and y(u,v) = v. Hence, dx and dy can
be viewed as the exterior derivatives of the functions x and y, which one can
check indeed agrees with the definition given earlier. One of the main features
of differential forms is that there is nothing special about the coordinate sys-
tem (x, ), and we can use other coordinates as well. As an example, we could
use polar coordinates (r,0) and the formulas above still work in this new co-
ordinate system. For instance, let us check that df = 0, f dr + 9y f dO. We
have

3, fdr + 0y fd6 = 0, f(O,rdx + d,rdy) + 0, f (9,0dx +3.,0d y)
= (0, f0,r + 05 f3,0)dx + (3, fO,r + 3y f0,0)dy
=0, fdx+0,fdy = df,

where we used the chain rule. It is also straightforward to move from one
coordinate system to another. For instance, since x = r cos(0) and y = r sin(0),
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2 Vector analysis on the complex plane

we have dx = cos(0)dr —r sin(0)d0 and d y = sin(0)dr +r cos(6)d0, and hence

dx Ndy = (cos(0)dr — rsin(0)d0) A (sin(0)dr + r cos(0)d0)
= (cos*(0) + sin®(0))rdr A dO = rdr A db,

which is the usual area form in polar coordinates.

In fact, the formulad f = 0, fdu + 9, fdv for a general coordinate system
(u,v) is such a useful mnemonic that it makes sense to look at what happens
when we express everything in terms of dz = dx +idy and dz = dx —idy. We
have dx = %(dz +dz)anddy = %(dz — dz) and thus

df =0, fdx+0, fdy = %ax f(dz+dz)+ %ay f(dz - dz)
i
= %(axf —i0, f)dz + %(axf +i0, f)dz.
It therefore makes sense to make the following definition.

Definition 2.13. The complex (or Wirtinger) derivatives 0, and d; are de-
fined by

1 : 1 .
0, = E(ax - zéy) and 0z = E(ax + zéy) .
With these definitions we get the already familiar looking formula
df =0,fdz+0;fdz.

It is useful to also connect differentials of functions to their differentiability.
Recall the following definition from vector analysis.

Definition 2.14. A function f: U — C is (real-)differentiable (or briefly, R-
differentiable) at z € U if there exists a R-linear functional d f, : R* — C such
that f(z +h) = f(z) +df,(h) +o(|h]) as R* > h — 0. .

Note that if f is differentiable, then the derivative d f, in the definition is
unique and agrees with the earlier definition d f,(v) as a directional derivative.
In particular, by using the formula above, f: U — C is differentiable at z, if
and only if it admits a first order Taylor-expansion of the form

flz+h) = f(z) +0, f(2)h + 3 f(2)h + o(| ).

Note on terminology: The prefix “real” in “real-differentiability” has been
added in order to distinguish the term from “complex-differentiability” that
will be defined in next chapter.

The Wirtinger derivatives and the forms dz and dz satisty various useful
formulae.
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2 Vector analysis on the complex plane

Lemma 2.15. Let f: U — C be a real-differentiable function. Then

0.f=0;f and 0;f=0.f.

Moreover, if g: V. — U is real-differentiable on an open set V. c C, then the
following chain rules hold:

0.(f ° 9)(z) = 0, f(9(2)) - 0.9(2) + 0z f (9(2)) - 0.9(2),
0z(f ° 9)(2) = 0, f(9(2)) - 079(2) + 0: f(9(2)) - 9;9(2).

Proof. Exercise. O

The final operation we will look at is the pullback of forms. In the definition
below we also consider differential forms on subsets of R (in the d = 1 case).
These obey the same rules as forms on subsets of R?, except that every 1-form
is of the form a dx for some function a, da = a’ (x) dx when a is a differentiable
0-form, and there are no non-zero 2-forms.

Definition 2.16. Let U ¢ R (d = 1,2) be openand f: U —» R*beaC!-
function. Suppose that w is a differential m-form defined on V' = f(U). Then
the pullback of w is the differential m-form on U given by

(f*w)p(vl, e Uy) = wf(P)(dfp(vl), ,dfp(vm)). .

In the definition d f,, is interpreted as mapping the tangent vector v at p to
a tangent vector d f,(v) at f(p).

The definition is tailored in such a way that the earlier definitions for inte-
grals over curves and parametrized surfaces can be succinctly stated as

1
szjy*w and szj W
14 0 ¢ (0.1)?

when y: [0,1] — Cisa C'-curve or ¢: [0,1]*> — C is a C! parametrized
region.

Pullbacks are in fact characterized by the following recursive rules which
make computing them easy.

Lemma 2.17. Let f be a C'-function (defined either on an open subset of R or
C), and o and f3 be differential forms. Then the following identities hold:

o f*g=go f when gisaO-form
« frlatp)=frat 7B
F@AP = franfp
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2 Vector analysis on the complex plane

o f*da)=df*a
Proof. Exercise. 0

Using the rules we may for instance compute the following useful formulas
for pullbacks under f = u + iv:

e ffdz=df" (z—2)=d((z— z)o f)=df =0,fdz+0;fdz
e f*dz=df*(z)=df =0,fdz+0;fdz
« ffdxndy)=(0,ud,v—-0,udv)dx Ndy =Jac;dx Ndy

Example 2.18. We can also leverage the calculus of differential forms to quickly
show that Jac §= 10, fI* = 105 f]*. Indeed, note that

dz Ndz = (dx +idy) N (dx —idy) = =2idx N dy,

giving us the useful formula
dxNdy = %dz/\dz.
Hence, we have that
Jac, dx Ady = f*(dx Ady) = f* <§dz Adz> - é(df/\df)
= é(azfaj ~0,f0,f)dz Adz = (|0, fI> - 0. f1})dx A dy,
implying that Jac, = 0, fI* — |05 fI°. .

2.4 Chains and Stokes’ theorem

Our goal in this section is to prove Stokes” theorem, which roughly speaking
says that Is dw = Ias w, when w is a 1-form, § is a suitable region in the plane
and 0S is its boundary.

The regions we will cover are ones that can be built by using images of finitely
many squares (fancily called 2-cells).

Definition 2.19. A (C' singular) n-cell (n = 1,2)isaC' map I: [0,1]" — R?,
while a 0-cell is a singleton map I : {0} — R>. .
Thus, 0-cells can be viewed as points, 1-cells as parametrized curves and 2-

cells as parametrized regions. The integral of an n-form over an n-cell for n =

1,2 is defined by L w= I[o " I"w. For a 0-cell I we simply set JI w = w(I(0)).
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2 Vector analysis on the complex plane

Definition 2.20. A (C' singular) n-chain C is a finite formal linear combina-
tion of n-cells I, ..., I,,,i.e. C = Y., ¢, I for some coefficients ¢, € C. .

Note that the sum C = )" | ¢, I is completely formal and one should view
I}, as symbolic variables. (In particular, it is not the pointwise sum of func-
tions.) Typically, the coefficients ¢, will be integers. If C is an n-chain, we
define

m m
w=) ¢ J w=) ¢ J Ifw
JC kZl Ik ]Zl [0)1]7!
for any continuous n-form w. We also denote the empty chain C by 0 and
define the integral over an empty chain as 0 as well.
The boundary of a 1-cell I is a 0-chain 0I given by

where I|,: {0} — Cfora € {0, 1} is the 0-cell mapping I| ,(0) = I(a). Similarly,
the boundary of a 2-cell S is a 1-chain oS given by

0S = Sljo,1) * Slp14i) = Slisrep = Slpoyip>
where S|, : [0,1] — Cis the 1-cell mapping
Sl[a,b] (t) = S((l - t)a + tb)

Notice that the boundary of a 2-cell is oriented counter-clockwise. The bound-
ary operation extends linearly to #-chains.

Definition 2.21. Let C; and C, be two n-chains. We say that C, and C, are
equivalent if Ic w= Jc w for every continuous n-form w. .
1 2

In particular, a constant map [0,1]" — C for n > 1 is an n-chain con-
sisting of a single cell and equivalent to an empty chain. Note also that if we
reparametrize one of the cells I in the chain by replacing it with I o ¢ for some
C! bijection ¢: [0,1]" — [0, 1]" with positive Jacobian determinant, we get
an equivalent chain by Lemma 2.6 and Lemma 2.11.

Let us look at some important special cases. The closure of a disc B(z,,7)
can be written as a 2-cell S via the map S(x, y) = z, + xre”™”. Note that
Slio,1] = Sljiis1) and that Sljo ;) = z, is a constant map, so that S is equivalent
to the 1-cell I(t) = S 144 = 2o +re?™ which parametrizes the circle 0B (29> 7).
We will abuse the notation and occasionally refer to the 2-chain S by writing
B(z,, 1), so that for instance

| w=]e
B(zy,r) N
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2 Vector analysis on the complex plane

[ afo
3B(zy.1) I

More generally, an annulus A(z,,7,R) ={z e C: r < |z—-z,| < R} for 0 <
r < R can be written as a 2-cell S via the map S(x, y) = z, + ((1 —x)r + xR)e*™
and 0A(z,, 1, R) is equivalent to dB(z,, R)—0B(z,, r), when both are interpreted
as 1-chains.

The main theorem of this chapter is the following.

and

Theorem 2.22 (Stokes’ theorem). Let C be an n-chain (n = 1,2) and w a real-
differentiable n — 1-form such that dw is a continuous n-form. Then

J dw=J w.
C aC

Proof. 1t is enough to show this in the case where C = I, where I is an n-cell
for n = 1, 2. Note that in this case we have

J da):jdw:j I*(dw):J dI*w:J da,
C I [0,1]" [0,1]" [0,1]

where &« = I*w is an n — 1-form on [0, 1]".
Case n = 1: In this case « is just a C!-function, and we get

J da = Jl a'(x)dx = a(1) — x(0) = w((1)) — w(I(0)) = J w
[0,1] ol

0

by the fundamental theorem of calculus.

Case n = 2: In this case we have @« = adx + bdy for some differentiable
functions a,b and da = (9,.b — 0,,a)dx A dy, where 0,.b — 0,a is continuous
by assumption. Note however that we do not know whether 0,.b and 0,,a are
continuous on their own, which means that we cannot simply split the integral
as a sum

1 (1 1 (1
J do = J J (—aya)dydx+J J (0,.b)dxdy
[0,1]? 0

0 0 J0

and use the one-dimensional fundamental theorem of calculus in the inner
integrals to conclude. Instead, we are going to use an argument that is usually
used to prove a related result known as Goursat’s theorem.

Our goal is equivalent to showing that

J do — J «| =0,
[0,1]2 0[0,1]2
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2 Vector analysis on the complex plane

Figure 2.1: Subdivision of [0, 1]°.

and we will do this by bounding the left-hand side in a clever way. Let us
split [0, 1]? into four sub-squares S, ... , S, of side length 1/2 (see Figure 2.1).
Each Sj is a 2-cell on its own (via a map [0, 11> - Sj which scales by 1/2 and
translates by 0 or 1/2 units in either coordinate) and we can write

4
J do = Z J do.
[0,1]2 =17
Notice also that the boundaries of S; which are inside [0, 1]* cancel out each

other and hence also A
[ a=y] «
9[0,1]2 i=1 73S,

2.8



2 Vector analysis on the complex plane

Let now I; = S; be a sub-square for which

J do — J 104
S; as;

is maximal. By the triangle inequality we then get the bound

J do — J o J do — J ol .
[0,1]? 0[0,1]2 I oI,

We can now continue subdividing inductively. Suppose that we have already
defined I; and showed the bound
l

J da — J 104 da — J of .
(0,12 A[0,12 oI,

We can then again divide I, into four sub-squares S](k) and choose I}, tobe a

one for which
J do — J 104
s asi

is maximal. We then get the bound

J da — J o J da — J 104
[0,1]2 9[0,1]2 I oI,

This process gives us a decreasing sequence [0,1]* > I; > I, > ... of closed
squares I, with side-length 27%, whose intersection is a single point z, = x, +
iy, € [0,1]%. We will next use the real-differentiability of « at z, to conclude.
Let us write I = [x30,X1] X [Vk0» V11> UsSe 2 = x + iy as our variable of
integration, and note that for any k > 1 we have

<4

1

< 4k

k

< 4k < 4k+1

[ -]

k+1 Ik+1

k

J a=| (adx+bdy)
ar,  Jar,

~

= N (a(zy) + 0,.a(zy)(x — x,) + aya(zo)(y - ¥) + oz_>ZO(|z - z,l)) dx

+ ;31 (b(zg) + 0,b(z)(x = x¢) +0,b(z9)(y = o) + 0, (12 = Z)) dy

Z_kaya(zo)()’k,o = Yior) + 2750, b(2) (X = Xje) + O (47)
= 4750, b(z,) - d,a(z)) + 000 (475),

since jal f(x)dx = jal f(y)dy = 0 for any continuous function f: R — C.
k k

29



2 Vector analysis on the complex plane

We can also compute

J do = J (9,b(2) - 0,a(2)) dx dy
I I

k

_ JI (@,b(z0) - 3,a(zy) + 0, (1)) dxdy
= 475(0,b(zy) — 0,a(2))) + 0o (47").

Therefore,

j do — J 104
[0,1]2 9[0,1]2

ask — oo.

< 4% <4 .0 (4F) >0

|

k

do — J 104
3,
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Holomorphic functions

3.1 Complex differentiability

From now on, U ¢ C will always be an open set.

Definition 3.1. A function f: U — C is complex-differentiable (or briefly,
C-differentiable) at z € U if the limit

v flz+h) = f(2)
f'(2) = lim )

exists. We call f’(z) the derivative of f atz € C. .

In the definition above it is crucial that h € C\ {0} is allowed to approach 0
in any manner! Formally, f'(z) = w if for every & > 0 there exists § > 0 such

that for any h € C with 0 < |h| < & we have |w —w| <e.

Note on terminology: If we say that a map is C'!, we mean that its partial
derivatives exist and are continuous, which in turn implies R-differentiability
but not necessarily C-differentiability. The notation f' is reserved for limits of
difference quotients of the form ( f(z + h) — f(z))/h, and applies to functions
C — C(whereh € C)or R — C (where h € R), where the latter case is mainly
used for curves. In other cases we will use the partial derivative notation 0,
etc., or the total derivative d f, at z, which is a R-linear map df,: C — C as
in Definition 2.14 and also coincides with the exterior derivative of f.

Example 3.2. (i) The function f(z) = z is everywhere C-differentiable with
f'(2) = 1since &= = 1 forall h € C.
(ii) An important counter-example is the function f(z) = z for which

_h

(z+h) -z
h h

does not have a limitas h — 0.
(iii) The difference quotient of the function |z|* is

Z+hP = e P+ WP +chazh— |2 WP R
R I “h TR TR

which has a limit as h — 0 if and only if z = 0. .
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3 Holomorphic functions

Let us begin by connecting complex differentiability to the Wirtinger deriva-
tives defined earlier.

Theorem 3.3. Suppose that f: U — C is C-differentiable at z € U. Then f
is R-differentiable at z, f'(z) = 0,f(z) and 05 f(z) = 0. Conversely, if f is
R-differentiable at z and 05 f (z) = 0, then f is C-differentiable at z.

Proof. Suppose first that f is C-differentiable at z. Then we have

lim flz+h) - f(z) - f'(2)h _

h—0 h

0,

meaning that

f(z+h) - f(z) - f'(z)h = o(|hl)
as h — 0. Thus, the expansion in Definition 2.14 holds with df,(h) = f "(2)h
and f is R-differentiable at z. Since df,(h) = 0, f(2)h + 05 f(2)h = f'(2)h
has to hold for every h € C, we see by equating the coeflicients of h and h that

0,f(z) = f'(z) and 05 f(z) = 0.
Conversely, if f is R-differentiable at z and 0; f(z) = 0, the expansion

f(z+h) = f(z) +0,f(2)h +0-f(2)h + o(|h]) = f(z) + 0, f(2)h + o(|h])

holds and hence ’
lim f(z+h) - f(z)

h—0 h

=3, f(2). 0

Remark. In particular, one can check that f is C-differentiable at z if and only
if we have the expansion

f(z+h) = f(2) +df,(h) +o(|h]),

with C-linear d f,, which also fits the term ‘C-differentiable] since in ordinary
(R-)differentiability we just required d f, to be R-linear. .

Derivatives of complex functions satisfy many familiar calculus rules.

Theorem 3.4. Let f and g be C-differentiable at z. Then

o f + g is C-differentiable at z with
(f+9)(2) = f'(z2)+ g (2),
o f - gis C-differentiable at z with

(f-9)'(2) = f(2)g9(2) + g' (2) f(z), and
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3 Holomorphic functions

o ifg(z) # 0, then Jgj is C-differentiable at z with
(i)' (0= @9 - 9'@)f)
g 9(z)? '

Moreover, if f is C-differentiable at w, g is C-differentiable at z and g(z) = w,
then f o g is C-differentiable at z with

(fo9)(2) = f(9(2)g' (=) = f'(w)g' (2).

Proof. Let us leave the quotient rule as an exercise.

One can prove the rules directly from Definition 3.1 basically word-by-word
as they are shown for functions R — R in basic analysis courses.

For instance, the sum rule is straightforward, f + g is C-differentiable since

(f+9)zt+h) - (f+9)z) _ flz+h) - f(z) glz+h)-g()
h h h ’

which tends to f'(z) + g’ () as h — 0. Similarly, for products, we may write

f(z+h-)g(z+h) - f(z)g(z)
h
_ (fz+h) - f(z))g(z +h) + (g(z + h) - g(2)) f(2)
% ,

which tends to f'(z)g(z) + g'(2) f(2).

For the chain rule, we could again mimic the proof for real-valued func-
tions, but let us use the general chain-rule for R-differentiable functions in-
stead. Since f and g are C-differentiable, they are also R-differentiable, and
We have

d(f ° 9).(h) = (dfyq) > dg.)(h).
By C-differentiability, dg,(h) = g'(z)h and Afyy(h) = f'(g(z))hforall h €

C, and hence

d(f o g),(h) = dfy. (9" (2)h) = f'(g(2))g' (2)h.

Thus, d(f o g), is C-linear and hence f o g is C-differentiable with derivative
f'(g(2)g’ (). O

Complex-differentiability at a single point is still a fairly weak condition, but
ifa function is complex-differentiable in an open set, it becomes actually a very
strong condition with profound consequences as we shall see later on.
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Definition 3.5. A function f: U — C is called holomorphic in U if it is C-
differentiable at every z € U. .

Example 3.6. From Theorem 3.4 it easily follows that polynomials f(z) =
a,z" + -+ +a,z + agy, ay...,a, € C, are holomorphic on the whole com-
plex plane. Rational functions f(z)/g(z) where f and g are polynomials are
also holomorphic in the open set {z € C : g(z) # 0}. .

Theorem 3.7. The functions exp, cos and sin are holomorphic in C and exp’ =
exp, cos’ = —sin, sin’ = cos.

Proof. Let us start with exp. Note that by Theorem 1.20 and Theorem 1.19 we
have that

exp(z) = exp(x +iy) = exp(x) exp(iy) = exp(x)(cos(y) + isin(y))

for every x,y € R, z = x + iy. In particular, note that exp(z) is C', since
exp; cos, sin: R — R are. Thus,

0, exp(z) = exp(x)(cos(y) +isin(y)) = exp(z)

and
ay exp(z) = exp(x)(—sin(y) +icos(y)) = i exp(z).

Since exp is C', it is R-differentiable, and we moreover have 0, exp(z) = %(ax -
iay) exp(z) = exp(z) and 05 exp(z) = %(ax +iay) exp(z) = 0, implying that exp
is C-differentiable and exp’ = exp.

The functions cos and sin can be handled by noting that cos(z) = (exp(iz) +
exp(—iz))/2 and sin(z) = (exp(iz) — exp(—iz))/(2i). [

Theorem 3.8. The principal branch of the logarithm Log is holomorphic in C \
(-00,0] and Log' (z) = 1/=z.

Proof. Recall that Log(reia) = log(r) + i0 when 6 € (—m, 7). Thus, Log yields
a bijection between C \ (-0, 0] and the strip {z € C : Im(z) € (-m,m)}, and
we have (exp o Log)(z) = z for z € C\ (—00, 0]. Since exp is differentiable with
exp’(z) = exp(z) # 0, we have by the inverse function theorem that Log is
RR-differentiable and thus by the chain rule for any 4 € C,

h = d(exp - Log),(h) = exp(Log(z))dLog,_(h) = zdLog_(h),

so that dLog_(h) = h/z, which implies that 0, Log(z) = 1/z and 05 Log(z) =
0. ]

Let us end this section by studying complex-differentiability in the (x, y)
coordinates. Suppose that f is R-differentiable at z and let u = Re(f) and
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3 Holomorphic functions
v = Im(f). The condition 0; f (z) = 0 is equivalent with

0= S@u+iB,u) + 5@,0+i0,0)

1 i
= 5(axu - 0,v) + E(ayu +0,0).

Looking separately at the real and imaginary parts of this equation gives us the
so-called Cauchy-Riemann equations.

Definition 3.9. Functions u,v: U — R satisfy the Cauchy-Riemann equa-
tions at the point z = (x, y) e U if

o, u(x,y) = ayv(x, y) and ayu(x, y) = —0,0(x, y). .
We can also go from Cauchy-Riemann equations back to complex differen-
tiability.

Theorem 3.10.If u,v: U — R are R-differentiable and satisfy the Cauchy-
Riemann equations at z € U, then f = u + iv is C-differentiable at z.

Proof. As u and v are R-differentiable at z, so is f = u + iv. Since u and
v satisfy the Cauchy-Riemann equations we have 0 f(z) = 0 and the claim
follows from Theorem 3.3. O

Cauchy-Riemann equations can be used to solve u given v or v given wu.

Example 3.11. Suppose that f = u + iv is a holomorphic function in C whose

real part u equals

u(x, y) =x*+2x+1-y%

What is the imaginary part of f? To find v, we can solve the Cauchy-Riemann
equations

ayv(x, y) = 0,u(x,y) =2x+2
0, u(x, y) = —0,u(x, y) = 2y.

Integrating the first equation with respect to y tells us that
u(x, y) =2xy + 2y + C(x),

where C(x) is some constant of integration depending on x. Similarly, inte-
grating the second equation with respect to x gives us

v(x, y) =2xy + D(y)

where D(y) is some constant depending on y. Combining the two equations,
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we must have
2xy +2y +C(x) = 2xy + D(y),

which implies that C(x) = D(y) — 2y. Since the right-hand side does not
depend on x, C(x) = C has to be a (real) constant. Thus,

u(x,y) =2xy+2y+C,
and in total, we have
fooy)=x*+2x+1-y*+i(2xy +2y +C)

for some arbitrary constant C € RR. We can also write this in terms of z by
noting that x = (z + z)/2 and y = (z — z)/(2i), which we can substitute to get

=\2 = =\2
zZ+Z zZ+Z z—z
z) = +2- +1—( )
1@ < 2 ) 2 2i
+i<2.z+z'z—.z+2.z—‘z+c>
2 21 21

22+ 72 + 2|z _ 2
:f+z+z+l+

=22 +2z+1+iC = (1+2)* +iC. .

22+ =21z Z* -z o
+ +z-z+iC

3.2 Contour integrals of holomorphic functions

Definition 3.12. A contour in U is a 1-chain y = y; + -+ + y,, consisting
of finitely many C'-curves y,: [0,1] — U such that y,(1) = y;,,(0) for all
1 < k < n—1. We also define the piecewise C' parametrization y(t) for
t € [0, 1] by setting

YO = it~ (k= 1)/n)

for1 <k <mandt € [(k—1)/n,k/n]. A contour y with y(0) = y(1) is called
closed. .

Our goal in this section is to consider integrals of the form

L f(z)dz

for a holomorphic function f and contour y. We begin with the following
analogue of the fundamental theorem of calculus.

Theorem 3.13. Let y be a contour in U and let f be a holomorphic function in
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U such that f' is continuous". Then we have

| rr@dz= s - foo).
4

Proof. Since f is holomorphic, we have 0;f(z) = 0 for z € U, and hence
df =0,f(z)dz + 05 f(2)dz = f'(z) dz. By Stokes’ theorem we get

| fr@dz=[ar=| f=roan- oo 0
14 14 oy

Let us next compute an important example to get some hands-on feeling for
contour integrals.

Lemma 3.14. Forany z, € C,n € Z andr > 0 we have

2mi, ifn=-1
J (z-2y)"dz = f .
0B(z,") 0, otherwise

Proof. By the change of variables w = z — z, we have dw = dz and

J (z—2zy)"dz = J Z"dz.
0B(z,r) 0B(0,r)

n+l

If n # —1 then z" has the antiderivative >~ which is holomorphic in the punc-
tured plane C \ {0} (or even C in the case n > 0, but we don’t need this). Since
the contour y(t) = re?™ lies inside C \ {0}, we see that

n+l n+1
J n gy o YA O
0B(0,r) n+1 n+1
If n = —1, then z7! has locally antiderivative log(z), but it cannot be defined

as a single-valued function in C \ {0}: for instance the principal branch Log is
defined only on C \ (-00, 0], and since dB(0, ) crosses the negative real axis
the argument we used above for n # —1 fails (as it should, since the answer in
this case is not 0). We will therefore compute the integral directly. Note that
y'(t) = 2mire”™. We thus have

14,/ 1 I 113
Jz‘ldz:J y(t)dtzj 2mL,dt=2m’. O
y 0 Y(t) 0 remit
Remark. We could have also proven the n = —1 case by using Log as an an-

! Assuming continuity of f' is in fact redundant, since we will later on see that holomorphic
functions are smooth.
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tiderivative and integrating along y(¢) = re2mi(1-8=1/2) (¢ ¢ [0, 1]) for some
small € > 0. Notice that we have cut out a small arc of the circle so that the
resulting curve does not cross the negative real axis. The integral then equals

J zldz = Log(re”i(l_s)) - Log(re_”i(l_e)) =2mi(l — ¢)
Y

and tends to 2mi as € — 0. .
Above we saw that the value of the integral fy f'(2z) dz only depends on the
endpoints of y. Here we assumed that we are integrating the derivative of a

holomorphic function, but our main goal in this section is to show that also in
general I,, f(z) dz does not change if we move y in a continuous manner while

keeping the endpoints of y fixed. The technical term for such a deformation is
‘homotopy.

Definition 3.15. Let « and 8 be two contours in U with «(0) = $(0) and (1) =
B(1). Then o and 8 are homotopic in U if there exists a continuous function
H: [0,1]> — U such that

H(-,0) = a()

H(,1) = ()

H(0,-) = «(0) = B(0)

H(1,-) = «(1) = B(1). .

Theorem 3.16. Let U be a convex open set and let o and 3 be two contours in U
with common endpoints. Then « and 3 are homotopic in U.

Proof. We may define the linear interpolation H(x,t) = (1 — f)a(x) + t(x)
for x,t € [0, 1] between the two contours. It is clearly continuous and fixes the
endpoints. By convexity H([0,1]?) c U. l

The proof of the following theorem essentially says that one can from the
existence of a continuous homotopy of contours also deduce the existence of
a nice piecewise C' homotopy. For our purposes it is convenient to state the
theorem in terms of chains.

Theorem 3.17. Let  and [3 be two contours in U with common endpoints and
homotopic to each other in U. Then there exists a 2-chain in U whose boundary
is equivalent to the 1-chain o — J3.

Proof. Let H be a homotopy between « and f3 in U. Suppose that « consists
of n arcs (1-cells) and B of m arcs, so that t — «(t) is C' when restricted to a
subinterval of the form [(j — 1)/n, j/n] for 1 < j <nandt +— B(t) is C' when
restricted to [(j — 1)/m, j/m] for 1 < j < m. By uniform continuity, we can
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4 N\

(04 (04

original homotopy approximation as a 2-chain

Figure 3.1: Constructing an approximative piecewise C' homotopy.

choose an integer N which is a multiple of #m and so large that for § = 1/N we
have |H(z) — H(w)| < r for some fixed 0 < r < dist(H([0, 1]?), 0U) whenever
|z—w| < V26. (Here dist(H([0, 1]?),0U) = co if U = &.) Now, the idea of the
rest of the proof is as follows: We divide [0, 1]% into Nx N squares of side length
0, and then define 2-cells corresponding to the small squares by requiring that
the boundaries in the interior of [0, 1]* map to line segments whose endpoints
are given by the values of the original homotopy H, see Figure 3.1.

More precisely, let us define first 1-cells I;;: [0,1] - € (1 < j < N,0 <
k < N) by setting

Lig(x) =a(j -1+ x)/N),  I;n(x) = B((j =1+ x)/N)
and via horizontal linear interpolation
L (x) = (1 -x)H((j — 1)/N +ik/N) + xH(j/N + ik/N)

when 1 < k < N —1. Note that since N is a multiple of n and m, each I is Cl.
Using next linear interpolation in the vertical direction we define a 2-chain
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S = ka:l Sj,k with N2 2-cells Sj,k - [0,1]? > C, 1< j,k < N, given by
Sj’k(x +iy) =(1- y)I]-)k_l(x) + yI]-)k(x).

Notice that every point z € S; ([0, 1]?) is a convex combination of at most 4

points of H([0,1]?) with distance at most r from each other. It follows that
dist(z, H([0,1]?)) < r and hence Sj,k([O, 11?) c U.

It remains to compute the boundary of S. By definition the right boundary
of S and the left boundary of S, ; cancel each otherfor1 < j < N -1and
1 <k < N, and similarly the top boundary of S; ; and the bottom boundary of
Sik1 cancelfor1 < j< Nand1 <k < N - 1. Moreover, since H(0, y) = «(0)
and H(1, y) = a(1) are constant in y, also the left boundary of S, and the
right boundary of S, are constant curves for 1 < k < n and thus equivalent to
0 as 1-chains. Hence, the boundary of S is equivalent to Zﬁ\’: Ijo = I,,) which
in turn is equivalent to & — f3. O]

As an application we may prove the following.

Theorem 3.18. Suppose that o and f3 are contours with common endpoints and
homotopic in U. Then for any differentiable 1-form w in U with dw = 0 we have

[ e

Proof. By Theorem 3.17 there exists a 2-chain § in U with boundary equivalent
to o — f3. By Stokes’ theorem (Theorem 2.22) we have

Ozjdwzjwzjw—Jw. O
S oS o B

As an important corollary we have the following.

Theorem 3.19. Let  and 8 be two contours with common endpoints and homo-
topic in U. Then for any holomorphic function f: U — C we have

L f(z)dz = Jﬁ f(z)dz.

Proof. Since f is holomorphig, it is real-differentiable and 0; f(z) = 0 for z €
U. Thus, we have d(f dz) = 0;fdz A dz = 0 and the result follows from
Theorem 3.18. ]

It is useful to also consider homotopies of closed contours where no points
are fixed, but the curves stay closed during the homotopy.
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Definition 3.20. Let o and 8 be two closed contours in U. We say that « and 8
are loop-homotopic in U if there exists a continuous function H: [0,1]*> — U
such that

H(-,0) = a()
H(,1) = B()
H(0,) = H(1,") .

Theorems 3.16,3.17,3.18 and 3.19 also have analogous versions for loop-
homotopies.

Theorem 3.21. Let o« and [ be two closed contours in a convex open set U. Then
o and [3 are loop-homotopic.

Proof. Linear interpolation as in the proof of Theorem 3.16. O]

Theorem 3.22. Let & and 3 be two closed contours in U that are loop-homotopic
to each other. Then there exists a 2-chain in U whose boundary is equivalent to
the 1-chain o — 3.

Proof. The same construction as in Theorem 3.17 works. This time the 1-cells
Sukl1+ and So o) are not necessarily constant curves, but they are equal
because both are linear interpolations between the same endpoints. We thus
have S, i l(1,141) = Soklo,i = 0asa 1-chain, leaving again only the 1-cells I; ; and
I;, (1 < j <n) to contribute to the boundary of the constructed 2-chain. [

Theorem 3.23. Let « and f3 be closed contours loop-homotopic to each other in
U. Then for any differentiable 1-form w with dw = 0 we have

o=

Proof. Analogous to the proof of Theorem 3.18. ]

Theorem 3.24. Let o and f3 be closed contours loop-homotopic to each other in
U. Then for any holomorphic f: U — C we have

Lfdz:Lfdz.

Proof. Analogous to the proof of Theorem 3.19. O]

Definition 3.25. An open set U C C is called simply connected if all closed
contours in U are loop-homotopic to each other in U. .

Intuitively, a set is simply connected if it is connected and does not contain
holes. In particular, convex sets are simply connected by Theorem 3.21.
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Example 3.26. Consider the contour y, given by y, (t) = ™ for somen € Z,
which goes around the unit circle n times. Then

z

n

1
J —dz = 2min,
Y
which means that y,, and y,,, are not loop-homotopic in C \ {0} unless n = m.

In particular, C \ {0} is not simply connected. .

Theorem 3.27 (Cauchy’s integral theorem). Let f : U — C be holomorphic and
suppose that U is simply connected. Then fy f dz = 0 for every closed contour y

inU.
Proof. Letz, € U bea fixed point. If y(t) = z, is the constant loop, then clearly
Iy f dz = 0. The result then follows from Theorem 3.24. ]

3.3 Cauchy’ integral formula

We will next prove Cauchy’s integral formula, which can be used to recover the
value of a holomorphic function at a given point via a suitable contour integral.

Theorem 3.28 (Cauchy’s integral formula). Suppose that f is holomorphic in U
and B(z,, ) € U. Then for any w € B(z,, r) we have

Flw) = = J 1@ 4,
0

27Ti B(zo)r) zZ-Ww

Before going to the proof, let us introduce the following notation

1
j F(2)\dz] :=j FOOy ()] dt
Y 0

where y: [0,1] — Cis a curve and f is a continuous function defined on
([0, 1]). Notice that we have by the triangle inequality®

1 1
j f(2)dz j Fooy () de sj |f<y(t))||y’(t)|dt=j f(@)lldz]
y 0 0 y

and that fy |dz| is (by definition) the length of the curve y. If y =y, + -+ + 1y,

>One can use Riemann sums and the triangle inequality for sums to deduce that | _[01 gt)dt| =

limy_, o | z;\’:l g(n/N)/N| < limy_, o, anzl lg(n/N)|/N = jol |g(t)| dt for any continuous
g:[0,1] - C.
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is a 1-chain consisting of multiple C!-arcs, we set similarly

n

| @tz = Y [ roazl
Y

k=1 Yk

and again have

Jf(z)dz SJ | f(2)ldz|.
Y Y

Proof of Theorem 3.28. Lete € (0,7 — |w — z,|). Notice that 0B(z,, r) is loop-
homotopic in U \ {w} to dB(w, ¢), for instance via the homotopy

H(t,s) = (1 - 5)zy + sw + ((1 - s)r + se)e*™™,

Indeed, for any ¢,s € [0, 1] the triangle inequality and the upper bound on ¢
gives us

|H(t,s) — zo| = |s(w — zg) + ((1 = 8)r + se)e?™| < slw - z,| + (1 = 8)r +se < r,

so that H([0, 1]%) € B(z,,r) c U. Moreover, by the reverse triangle inequality
|a + bl > |b| — |a| we have

IH(t,s) —wl = [(1-5)(2g — w) + (1 - 5)r + se)e’™|
> [((1 = s)r + se)e?™| - (1 - )|z, — w|
=(1-s)r—lzg—wl)+se=(1-s)e+se=¢>0,

so that w ¢ H([0, 1]*). By Theorem 3.24 and Lemma 3.14 we then have that

LS9 )‘ f@-fw

2711 dB(zpr) 2 — W 27‘[1 9B(w,e) zZ—-w

Note that since f is complex-differentiable at w, we have

f(z) - f(w)

zZ—-w

<|f'w)+1=C

for |z — w| small enough. Thus, for small enough & we have

LJ’ f(Z)—f(w)dzgiJ' Cldz| =
271 3B(w,e) Z-w TT JOB(w,e)

and the claim follows by letting ¢ — 0. O

We will next use Cauchy’s integral formula to prove the very important re-
sult that derivatives of holomorphic functions are themselves holomorphic and
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have an analogous integral representation.

Theorem 3.29 (Generalized Cauchy’s formula). Suppose that f is holomorphic
inU. Then f is n-times C-differentiable on U for anyn > 0 and if z, € U and
r > 0 are such that E(zo, r) c U, we have

f(n) (w) = ”_' J L dz

271 Jop(zy ) (2 — w)™*!
forany w € B(z, ).

Proof. We will show by induction that for any w € B(z,,r) and n > 0 the
derivative f ™) (w) exists and equals

f(”)(w) _ 7’1_' J f(Z) dz

21i Japizyr) (z —w)t T

We know from Theorem 3.28 that the claim holds for n = 0, so the initial step
is clear. Suppose thus that it holds for some n > 0. We can write the difference
quotient of £ as

(n) _ £ 1 n+l _ pn+l
CRURY N YLy
0B(z,r)

h 27i h

where a = 1/(z —w — h) and b = 1/(z — w). Recall that ™! — b"*! = (a -
b)a" +a" b+ --- +b"a+b") and note that a — b = hab, so that we have

n+l _ bn+1

h

a —ab(@" +a" b+ -+ b a4 b,

Note that this tends to (n+1)(z—w)~"*? as h — 0, and moreover is uniformly
bounded for z € 0B(z,,r), since for small enough h we have |z — w - h| >
|z —wl|/2 > (r — |lw — z,])/4. Tt follows that the integral converges as h — 0,
™ is complex-differentiable at w, and

f(n+1)(w) — (1’! + 1)! J f(Z) dz
0

27 B(zo.r) (z —w)?
as wanted. OJ

Let us close this section with an example computation of a concrete contour
integral using Cauchy’s integral formula.
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Example 3.30. Let us evaluate

(z* + 1) sin(2)
3 2 dz.
0B(0,2) z° -1z

Note first that by factoring the denominator we have

(z* + 1) sin(z) _ (z* + 1) sin(2)

2-iz2 22z -1)

which is analytic in C\ {0, 1}. We may next use a partial fraction decomposition
(see below) to write

Note that since (z + i) sin(z) is holomorphic in the whole plane, we have
J (z+1i)sin(z)dz =0
0B(0,2)

by Cauchy’s integral theorem. For the other three terms (the generalized)
Cauchy’s integral formula gives us

(z* + 1) sin(z)
— dz
0B(0,2) A

isin(z sin(z 2 sin(z
[ [ s, [ 2
0B(02) < 0B(0,2) < 0B(0,2) Z —1

= 27i(i sin’ (0) + sin(0) — 2 sin(i)) = =27 — 4i sin(i)

i i
= -2 — 4niT =2n(e—e ! - 1). .
i

In the previous example we used a partial fraction decomposition. In gen-
p(2)
(z—a))k1...(z—a,)kn
polynomial, a,, ...,a, are distinct complex numbers and k,, ..., k,, > 1 are

integers, we can write it in the form

eral, if we have a rational function of the form where p is a

n k,

1@+ Y

81]1 _“e)J

where q(z) = ;2% +-+-+q,2+q, is a polynomial of degree d = deg(p)—k,—---—
k, (wesetq = 0ifd < 0) and ¢, ; are complex numbers. To find g and ¢, ;, one

can multiply the above expression by the denominator (z — al)kl o (z - an)k"
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of the original function to get a polynomial whose coefficients have to equal
those of p. This gives us a linear system f40r the unknowns g; and ¢ ;.

For instance, consider the function Zf (;_li)
ator has degree 4 which is one more than the degree of the denominator, g

should have degree 1, and we look for constants a, b, ¢, d, e such that

we had above. Since the numer-

zt+1 c d e
fza2+b+—2+—+—,.
z%(z —1) z z z-1

Multiplying by z2(z — i) we get

b+ 1=az’(z 1) +bz%(z — 1) + c(z — i) + dz(z — i) + ez?
=azt+ (b-ia)z® + (d +e—ib)z> + (c — id)z — ic,

Equating the coefficients we get the equationsa = 1,b—ia =0,d +e—-ib =0,

¢ —id = 0 and —ic = 1, whose solutionisa = 1,b =i,c =i,d = 1,e = -2,
giving us

zt+1 Ci 1 2

—— =Zz4it—=+ - —

z2(z — i) z2 oz z—i

3.4 Morera’s theorem

Morera’s theorem provides a converse to Cauchy’s integral theorem: If integrat-
ing f over closed contours always gives 0 as the result, then f is holomorphic.
In fact, it is enough to check this for triangular contours.

Theorem 3.31 (Moreras theorem). Let f be a continuous function on U and
suppose that

J f(z)dz=0
or
for all closed triangles T in U. Then f is holomorphic in U.

Proof. 1t is enough to prove the theorem locally, i.e. inside a ball B(z,,r) for
some z, € U and r > 0. Let us define F: B(z,,r) — C by setting

F(z) = j F(w) dw,

2

where the integral is along a straight segment from z;, to z. If we can show that
Fisholomorphicin B(z,r)and F'(z) = f(z), we will be done since derivatives
of holomorphic functions are holomorphic by Theorem 3.29. Suppose that
z € B(z,,r) and that h € C has small enough modulus so that z + h € B(z,, 1)
as well. Then the triangle with vertices z,, z and z + h lies inside B(z,, ) by
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convexity, and we have

F(z+h)-F(z) _ f:h fw)dw - L‘Z f(w) dw
h B h .

By assumption, we have

z+h

sz f(w)dw = r f(w)dw + J f(w) dw,

z, z, z

so that
F(z+h)-F 1| (="
HeDFD s < 2| [ - renaul.
which tends to 0 as i — 0 by the continuity of f. ]

As a corollary we get the following result on uniform limits of holomorphic
functions.

Theorem 3.32. Let (f,),2, be a sequence of holomorphic functions f,: U — C
converging uniformly on compact subsets of U to a function f: U — C. Then f
is holomorphic in U.

Proof. It is enough to show that f is holomorphic in any ball B(z,,r) c U. Let
T be a closed triangle in B(z,, r). Since f,, — f uniformly on compact subsets,
f is continuous, and we may exchange taking limits and integration to get

J f(2)dz =J lim f,(z)dz = lim J f(2)dz=0
or oT N0 n—oo JyT

by Cauchy’s integral theorem (note that B(z, r) is simply connected), making
Morera’s theorem applicable. ]
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4.1 Analytic functions

Definition 4.1. A function f: U — C is analytic in U, if for every z, € U
there exists r > 0 and coefficients (a,,),2, in C such that f can be written as a
converging power series

f2) =) a,(z-z)"
n=0

for z € B(zy,r) c U. .

The main result of this section is that analytic functions are holomorphic
and vice versa. Indeed, often the two terms are used synonymously.
Let us begin with the following lemma.

Lemma 4.2. Suppose that the power series ) ° , a,(z—z,)" converges in the open
disc B(z,, R) for some R > 0. Then the convergence is uniform in any smaller
disc B(z,,r) withr < R.

Proof. By translation and scaling it is enough to consider the case z, = 0 and
R = 1. We first claim that for any ¢ > 0 we have |a,| < (1 + ¢)" for n large
enough. Assume that this is not the case. Then there exist infinitely many n
such that |a,| > (1+¢)". But then for z = 1/(1+¢) we have |a, z"| > 1 infinitely
often, and the series ) 7 a,z" cannot converge, giving a contradiction.

Let now r < 1 and fix ¢ > 0 so small that (1 + &)r < 1. We have

00 N ) ¢
sup Z a,z" - z a,z"| < Z la,|r" < z (1 +e)r)"
z€B(zg,1) | n=0 n=0 n=N+1 n=N+1

for N large enough. The right-hand side tends to 0 as N — 0o, showing uni-
form convergence in B(z,, ). O]

Theorem 4.3. Let f be an analytic function in U. Then f is holomorphic in U
and the power series of f around z, € U is unique and given by

X £
f(z)=n;—f n(!ZO)(z—zo)”.
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Proof. 1t is enough to show that f is holomorphic in a neighborhood of any
point z, € U. Since f is analytic, we can find » > 0 and coefficients a,, € C
such that

f2) =) a,(z-z)"
n=0

holds for z € B(z,,r). By Lemma 4.2 the series converges uniformly on the
ball B(z,,7/2). Since each partial sum Zn 0 @,(z — z)" is a polynomial and
hence holomorphic, the holomorphicity of f follows from Theorem 3.32. By
Cauchy’s integral formula, uniform convergence and Lemma 3.14 we also have

a,(z—z,)"

e = o | 20 % dz
2mi BB(zo,r/Z) (z — z)F!
= Z J a,(z-z,)" ¥ 1dz = kla,
2711 JaB(z,r/2)
showing that we necessarily have a, = f®(z,)/k!. [

Let us next prove the converse.

Theorem 4.4. Let f be a holomorphic function in some disc B(z,, R). Then we

have o
f(2) = ”Z:‘a AC) n(!zo)(z —z)"

for all z € B(z, R).

Proof. Let z € B(z,, R) and pick r € (|z — zy|, R). Since f is holomorphic, we
have by Cauchy’s integral formula that

f()_—J Mdumij fw 14,
d d

. Z—Z
2711 JoB(zyr) W — 2 271 JoB(zyry W—2p 1 ———>

w-z,
=LJ' f(w) OZO"<Z_ZO>ndw
2mi 3B(zpr) W — Zg s \W — 2

where the geometric series converges since |z — z,| < |w — z,| = r. For fixed
z and r the series converges uniformly in w, and we can switch the order of
integration and summation to get

! _ fw) 0 (z,)

dw - (z - n_ "

s = nZS 2mi 'LB(ZO (W= zy)™! w(z-2)" = ;;) - (z - z,)
by the generalized Cauchy’s integral formula. o
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4 Power series

Corollary 4.5. Let f be a holomorphic function in an open set U. Then f is
analytic inU and the radius of convergence of the power series of f aroundz, € U
is at least dist(z,, oU).

Remark. Series of the form

S f7)
Z f : 0 (z - Zo)n
= nl

where the coefficients are given by nth order derivatives of a holomorphic func-
tion divided by n! are also called Taylor series. Thus, we have shown that any
power series with positive radius of convergence defines a holomorphic func-

tion whose Taylor series agrees with the original power series. .

Let us also note the following simple version of Taylor’s theorem for analytic
functions.

Lemma 4.6. Suppose that f has a converging power series

f2) =) a,(z-z)"
n=0

for z € B(zy, R). Then for any k > 0 we have the asymptotic expansion

k
f(2) = a,(z-z)" + O((z - z)**")
n=0

asz — z,.
Proof. Let
o0 o0
9(2) = ) a,(z-20)" = ) Ay (z - z)"*!
n=k+1 n=0
so that

k
f(z) = Z a,(z —zy))" + g(2).
n=0

Note the following simple fact: For any coefficients ¢, and constant A # 0 a
complex series ) c, converges to L if and only if ) °°/ Ac, converges to AL.

)k+1

Thus, applying this with ¢, = a,,,;,; and r = (z — z,))“"", we see that for a fixed

z # z the series
(00)
h(Z) = Z an+k+1(z - ZO)n
n=0

converges if and only if the series g(z) converges, which we know happens in
B(z,, R). Moreover, h(z) clearly converges for z = z,, as well, showing that /1 is
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an analytic function in B(z, R) and

9(z) = (z - z))**'h(z).

In particular, h(z) is bounded as z — z,,, implying that g(z) = O((z - Zo)k+1)
asz — z,. ]

Sometimes we are given a power series in terms of its coefficients, and we
would like to know its radius of convergence. The answer is given by the fol-
lowing theorem.

Theorem 4.7. Let (a,,),2, be a sequence of complex numbers and z, € C. Then

the power series ) > a,(z — z,)" converges in B(z,, R), where

R =lim inflanl_l/n.
n—-00
The series does not converge for any z with |z — z,| > R. For |z — z,| = R the
series may or may not converge.

Proof. We may without loss of generality assume that z, = 0. Suppose first
that |z| < r for some r < R. By assumption |a,| ™}/ > r for n large enough,
meaning that

(o) (0]
Yla,llzl" < Y r el < oo,
n=0 n=0

so that the series converges absolutely.

Suppose next that [z| > » > R. By assumption, we have |an|_1/’1 < r for
infinitely many ». This implies that we have |a, ||z|" > r™"r" = 1 for infinitely
many #, which means that the series cannot converge at z. [

Let us close this section with an application to real Taylor series.

Example 4.8. Consider the function f(x) = ﬁ on the real line. We can
write its Taylor series at some point x,, > 0. It turns out that one can express

the series as
(o]

£ = YD Im(xy - )" - %),

n=0
but without even computing the terms, we know that its radius of convergence
will be /1 + x3, since this is the distance from x,, to the boundary of the open
set C\ {#i} where f is holomorphic.

It came to appear that, between two truths of the real domain, the easiest and
shortest path quite often passes through the complex domain. —-Paul Painlevé
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4.2 Laurent series

Laurent series are a generalization of power series where we allow negative
powers of z — z,, in addition to the non-negative ones.

Definition 4.9. A Laurent series is a series of the form

(o)

z a,(z—z,)"
n=—00
where a,,, z, € C and z is a variable. .
A Laurent series f(z) = )72 a,(z — z,)" can be split into a sum f(z) =

g(z) + h(z), where

-1

9@ = ) az-z)" and h(z) =) a,(z-z)"

n=—00 n=0

The series g(z) containing the terms of negative order is sometimes called
the principal part of f(z). The power series h(z) converges for |z| < R; =

liminf, . |a,|”"/", while g(z) can be viewed as a power series Y% a_,w" in

w = 1/(z — z,) that converges when
lw| < liminfla_, |/,
n—00

This can be equivalently written as

|z —zy| > R, = lim sup |a_n|1/”.

n—00

Hence, if R, < Ry, we see that the Laurent series f(z) converges in the annulus
Az, Ry Rp,) to a holomorphic function. Conversely, we have the following.

Theorem 4.10. Let z; € Cand 0 < r < R < 00. Suppose that f: A(z,,7,R) —
C is holomorphic." Then f has a converging Laurent series

(o]
f(z) = Z a,z",
n=—00
for z € A(z,, 1, R), where the coefficients a,, are given by

a, = ! J _J@ dz

" 2mi 9B(zy.p) (2 — z,y)"H!

independent of the radius p € (r, R).

*Note that we have A(z,, 0, R) = B(zy, R) \ {z,} if r = 0.
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Before proving the theorem let us show the following version of Cauchy’s
integral formula for annuli.

Lemma 4.11. Let f: A(z,,1,R) — C be holomorphic and let a and b be such
thatr < a < b < R. Then for any z € A(z,,a,b) we have

flz) = — J RAC)

2711 dA(zgah) Z — W

Proof. Let g(w) = % forw € A(zy,7,R) \ {z} and g(z) = f'(z). Then g
is holomorphic in A(z,, 7, R) since it is clearly holomorphic in A(z,,, R) \ {z}
and by analyticity of f at z we can write for w # z,

f@+ f@w-2)+ L2 w-2)? + O(w - 2)°) - f(2)
w-—-z

gw) =
- D)+ #(w _2)+O((w=2)%),

so that g is C-differentiable at z. In particular, by Stokes’ theorem we have
J-aA(Zo,a,b) g(w) dw = 0 and thus,

f(w) f(2) 1

J —dwzj —dwzf(z)J dw.
0A(zpab) W — 2 0A(zpab) W — 2 0A(zpab) W — 2

Finally, we note that

dw = 2mi

1 1 1
J dw = J dw - J
0A(zpab) W — 2 0B(zyb) W — 2 0B(zpa) W — 2

since B(z,, b) contains z but B(z,,a) does not. L]

Proof of Theorem 4.10. We may assume without loss of generality that z, = 0.
Using Lemma 4.11 we have

f(z):LJ de:LJ de_LJ PACI
0 0 0

2mi Jaa0,ap) W — 2 2mi Japop) W — 2 2mi JaB0,e) W — 2
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Note that when w € dB(0, b) we have |z/w| < 1, so we may write

LS, L w1,
P 1 JaB(o,b)

27ti Japop) W — 2 2mi w 1-Z

B ﬁ LB(O,b) fS)U) Z <g>

v 1 f(w)
_HZ‘(‘)Z L w”“dw

B(0,b)

(0]

(w) "
z JB fnL-ll—Jl dwz".

- B(0,p) W

Here we used uniform convergence to exchange summation and integration
and homotopy invariance to move the contour to the circle of radius p € (r, R).
This gives us the non-negative terms in the Laurent series. Similarly, when
w € 0B(0, a) we have |w/z| < 1, and we may write

_LJ f(w)dw:;J fw 1,
d 0B(0,a)

271 Japoe) w— 2 2mi z 1- %

i b T2 (2)

- 1

Z — J fw)w" dw z 1
=0 2711 JaB(0,a)

-1

1 (w) "
Z _'J(B fnlfl dwz",

o0 2711 B(0,p) w

which gives us the negative terms in the Laurent series. O

Functions f that are analytic in a punctured disc B(z,r) \ {z,} can be clas-

sified based on their Laurent series f(z) = ). a,(z — zy)" around z;:
o If
(o]
f@) =) a,z-z)"

withm € Zand a_,, # 0, then f is said to have a pole of order m at z;,.
« In the above case we also say that f has a zero of order —m at z;,.

o Ifm <0, then f is said to have a removable singularity at z,, and f can
be extended to an analytic function

@ =Y ay(z-z)"
n=0
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in B(z,,1).

o« Ifa_, # 0 for infinitely many n > 1, then f is said to have an essential
singularity at z,,.

Lemma 4.12. Suppose that f is holomorphic in B(z,,1) \ {z,}. Then f has a
pole of order n € Z at z if and only if (z — z,)" f(z) is bounded near z but
(z - ZO)”_lf(z) is unbounded. In this case (z — z,)" f (z) will extend analytically
to B(z, ).

Proof. Clearlyif f hasa pole of order n at z,,, then h(z) = (z — z,)" f(z) will be
analytic near z, and hence bounded, while (z—zo)”_1 f(z) will not be bounded.

Conversely, suppose that hi(z) is bounded in B(z,, ) \{z,} and (z—z,)" " f(z)
is unbounded. Then if a,, are the coefficients of the Laurent series of h(z), we
have for n > 1 that

1 _
la_| < j W)l - 2,/ |dz]
271 J3B(z,.p)

which tends to 0 as p — 0. Hence, the principal part of /(z) vanishes and h
can be extended analytically to B(z,, r). Thus,

f@) =) a,(z-2)

k=-n

and f has a pole of order n. O]

1/z

Example 4.13. The function f(z) = (z—g)w
afirst order pole at 2 and a third order pole at —i. To see this, we first note that f
is unbounded near all three points, so none of the singularities are removable.
It is also easy to see by considering real z > 0 that z" f(z) is unbounded as
z — 0 for any n > 1, so the singularity at 0 is essential. Similarly, (z - 2) f(2)
and (z +i)® f(z) are bounded as z — 2 or z — —i (but (z + i) f(z) is not), so
f has first and third order poles at these points. .

has an essential singularity at 0,

It is important to note that the Laurent series of a function really depends on

the annulus, not just the center point z,. For instance, the function f(z) = 2—11

has two different Laurent series around 0. The first one is the geometric series

-y 2

n=0

converging in B(0, 1), while the second one converges in A(0, 1, 00) and can
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be found by writing

4.3 Computing series

In this section we will illustrate some computational methods for finding Tay-
lor and Laurent series. Let us first note that Laurent series behave well under
differentiation.

Theorem 4.14. Suppose that f has a converging Laurent series

o0

f@=) az-z)
n=—00
in some annulus A(z,, 7, R). Then the Laurent series of f' in A(z,, 7, R) is given
by

(00

(1’1 + 1)61n+1(Z - Zo)n.
n=—0oo

Proof. Let p € (r,R) and let b, be the coefficients of the Laurent series of f’ in
A(zy, 1, R), so that

S

" 2w B(z,p) (z - Z())”Jrl '

We will do integration by parts by noting that

1O oa( LD ), i@,

(Z _ Zo)n+1 (Z _ Zo)n+1 (Z _ Zo)n+2

so that by Stokes’ theorem we have

1 J (n+1)f(z)

n= 5 n+2 u
2711 J3B(z,.p) (z—z)

dz=m+1)a

n+l-

Let us next discuss some common methods for finding Taylor or Laurent
series.

« In the case of Taylor series, computing derivatives.

- Example: Taylor series ) 7’ a,(z — a)" of sin(z) around z = a
has coefhicients a,, = sin(a)/n! ifn = 0 (mod 4), a,, = cos(a)/n!
itn =1 (mod 4), a, = —sin(a)/n! if n = 2 (mod 4) and a,, =

—cos(a)/n!ifn =3 (mod 4).
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- Example: Let f(z) = Log(1-z). Then f'(z) = -1/(1-2), f"(2) =
-1/(1 - 2)%, fO(z) = —=2/(1 - 2)%, f¥(2) = -3!/(1 - 2)* and in
general f(”)(z) =—(n-1)!/(1 - z)". Hence,

Log(l-2) = - z
n

M8

Il
—

n

« Using known series as building blocks.

- Example: The Taylor series of e atz=0is given by Y ™° Zn—z,n

- Example: Consider f(z) = ﬁ Then f(z) = g'(z), where
g(z) = i =) 202" and hence f(z) = } 2 (n+ 1)z".

« Especially when only finitely many leading order terms are needed, mul-
tiplication or division of known expansions while keeping track of the
remainder (using O-notation or otherwise) can be powerful.

- Example: Consider f(z) = 1/sin(z) around z = 0. We know that
sin(z) = z — z—j + O(z”). We can do the division by extracting the
leading order asymptotics of f one-by-one to get

2
1 1 1. 5+0(EY
sin(z) z—z—?+O(z5) z z—g—?+O(z5)
3
1 5+0E) 1 z  5H+0E)
z 1-%+0(zY) =z 3 1-%+0(2°)
1
=2+ 2400

z 6
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Residue calculus

5.1 Winding numbers and boundary chains

So far we have seen versions of Cauchy’s integral formula for the disc and the
annulus. The residue theorem we are going to prove will be a generalization of
them, where instead of f(z)/(z — z,) with first order pole at z,, we are allowed
to have functions with multiple singularity points, and where we integrate over
the boundaries of more general sets (for instance regions with multiple holes).

We will from now on assume that the coefficients of our n-chains are inte-
gers.

Definition 5.1. A 1-chain y in U is called closed if 0y = 0, and a boundary in
U if there exists a 2-chain S in U such that dS is equivalent with y. .

It is easy to see that if y is a boundary then it is automatically closed since
for a single 2-cell its boundary is a closed contour. We have also seen that if U
is simply connected then every closed contour is a boundary. It is in fact quite
easy to show that a closed 1-chain (with integer coefficients) is always a sum of
closed contours, so the same holds for closed 1-chains as well.

Our goal in this section is to show the topological result that boundaries in
U are exactly the 1-chains whose total rotation, or winding, around every z €
C\ U is 0. For instance, an annulus A(0, 1, 2) has two boundary components,
—-0B(0, 1) and 0B(1, 2), where the minus sign indicates that the inner boundary
is oriented clockwise. For points z € B(0, 1) the boundary —dB(0, 1) makes one
turn clockwise around z while 0B(0, 2) makes one turn counter-clockwise, so
the total winding is 0. When z lies inside the annulus, the inner boundary has
winding 0 and the outer boundary has winding 27, so the total winding is 2.
Finally, for points z with |z| > 2 both the inner and the outer boundary has
winding 0. Thus, 0A(0, 1,2) is a boundary in A(0, 1/2,5/2), for instance.

Let us next define winding rigorously. Since it does not make sense to mea-
sure the winding at a point that lies on the 1-chain, it is useful to have a notation
for the total image of the cells of a 1-chain.

Definition 5.2. Suppose that y = ¢;y, + -+ +¢,y,, is a 1-chain with coefficients
C1>---»C, € Z\ {0} and pairwise distinct 1-cells y;,...,y,." The support of y
is defined as supp(y) = (J;_; yx ([0, 1]). .

We can now define the winding of a 1-chain y around a given point. Let

'Note that every 1-chain can be uniquely written in this form.
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5 Residue calculus

Figure 5.1: A 1-chain (solid black) in an open set U (light blue) that is the
boundary of a 2-chain (dashed black) in U.
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(r,,»0,,) denote the polar coordinates centered at the point z, ¢ supp(y), i.e.
- (z) = |z —z,| and OZO (z) = Arg(z — z,) = Im(Log(z — z,)), where Arg is the
principal branch of the argument. Note that these coordinates are C! in the set
z -2z, € C\ (-00,0], in which case®

d6,, =Im(d Log(z - o)) = Im( dz ) .

The right-hand side however is well-defined and C lalso when z—z, € (—00,0),
so we can use this formula to define d@ZO asa l-formin C)\ {z,}.?

Definition 5.3. Let y be a 1-chain and let z, € C \ supp(y). The winding
W(y, z,) of y around z,, is given by

W(y,zo)zjdez():lm(J dz )
Y Y%~ %0

where d@zo = Im ( dz ) We also define the index Ind(y, z,) == W(y, z,)/(27)

z-z,
to be the amount of winding measured in whole turns. .

Theorem 5.4. Let y be a closed 1-chain with integer coefficients and z, € C\
supp(y). Then Ind(y, z,) is an integer and

Indy.20) = 5 dz_
2mi )y z - 2z

Proof. We may assume that z, = 0, since Ind(y, z,) = Ind(y,0), where y is y
translated by —z,,.

Let us first prove the formula. It is enough to show that Re (Jy d;z) = 0. Note

that log(|z|) (with the usual log: (0,00) — R) is a well-defined C' function in
C \ {0} with

dllog(121)] = > dllog(lzP)] = zdz +2dZ _ (@)

2|z)? z

*If wis a 1-form we denote by Im(w) the 1-form defined by Im(w)(v) = Im(w(v)) for tangent
vectors v and similarly for Re(w).

3One can also explain the formula geometrically: Suppose that z, = 0 and that we want
to measure the change in angle when we are at point z and move in the direction v. By
dividing by z we scale the picture so that we are on the unit circle, and also rotate it so
that z becomes 1. The tangent to the unit circle in the positive direction points up at 1, so
taking the imaginary part of v/z measures the change in angle in radians to the first order.
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5 Residue calculus

Thus, we have

Re(L dZ—Z> = L Re(%) = Ld[log(lzl)] = Ly log(]z]) =0

since y is closed.
Let us next show that Ind(y, 0) is an integer. Suppose thaty = ¢y, +-:-+c,y,
wherec,,...,c, € Zandy,,...,y, are 1-cells. We claim that

dz\ _ v
exp(Lk z > pl0)

which seems plausible, since formally Iy % = log(y;(1))—log(y,(0)). To show
k
this, let

A
I(t) = L 1 G) ds

so that I(1) = ) % and define also u(t) = yk(t)e_l(t). We have
k

u'(0) = (e - O (£)eV = (yé(t) - yk<t)w) eI = g,
Vi (t)

so that u is constant and . (0) = u(0) = u(1) = y(1) exp (— _[y %) as wanted.
k

Raising this to power ¢ and multiplying over k we get

(9., (D) o 2tiInd(y,0)

p,(0)1 ...y, (0)%

and since y is closed, the end points of the y, must cancel each other and the
left-hand side equals 1. This can only happen if Ind(y, 0) € Z. ]

Theorem 5.5. The function z — W(y, z) is continuous in C \ supp(y). In par-
ticular, if y is closed, then Ind(y, z) is constant in each connected component of
C \ supp(y).

Proof. Exercise. O

The main theorem of this section is the following. Its proof has been adapted
from [1, Theorem 6.11].

Theorem 5.6. A closed 1-chain in U is a boundary in U if and only if Ind(y, z) =
Oforallz ¢ U.

Proof. Let us first assume that y is a boundary and z, ¢ U. Then (z — z,) " is
holomorphic in U, and we have Ind(y, z,) = 0 by Stokes” theorem.
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(S 7 S

-

/‘

Figure 5.2: The 1-chain y in purple and « in orange. The grid G has been drawn
in thin lines. Rectangles in light green have index 1, in dark green
index 2, and in white index 0 with respect to «. The round markers
represent the endpoints of the segments in « before subdivision,
while crosses represent the vertices of the grid.

The other direction is trickier since we need to construct a suitable 2-chain
in U with y as its boundary. Our proof will be based on a couple of lemmas.

Lemma 5.7. There exists a 1-chain o in U such that y — « is a boundary in U
and each 1-cell in « is either a horizontal or a vertical line segment.

Proof. Since sums of boundaries are boundaries, it is enough to show this for
each 1-cell y; in y separately. Moreover, by using uniform continuity and sub-
dividing Y] if needed, we may assume that yj([O, 1]) B(yj(O), r/2) where r is
the distance from y; to U. Let a; be the contour going first horizontally from
yj(O) to (Re(y]-(l)), Im(yj(O))) and then continuing vertically to Q. Then both
Y] and «; have the same endpoints and are contained in B(yj(O), r/2) which is
a convex set. They are thus homotopic, implying that y; — «; is a boundary in
U by Theorem 3.17. ]

Consider now the 1-chain « from the lemma above. Note that « is closed
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since y and « — y are, and our task has been reduced to showing that « is
a boundary in U. Let G be the (finite) union of all horizontal and vertical
lines that pass through one of the endpoints of the segments «; in the chain,
see Figure 5.2. Then G forms a grid such that supp(«) ¢ G and by subdivid-
ing « and ignoring constant paths we may assume that « = Z;’il ¢jo;, where

J
¢; € Z )\ {0} and each «; is a segment between adjacent vertices of the grid.
LetR,, ..., R, denote the closed rectangles whose interiors form the bounded
connected components of C \ G and let z; be the center point of R;. Let

S= 27:1 Ind(e, z)R;.

Lemma 5.8. Viewing R; as 2-cells, we have o = 0S = Z;’zl Ind(a, z;)0R;.

Proof. Consider the 1-chain f = - 27:1 Ind(a, z;)0R;. We want to show that
B = 0. Clearly Ind(B, z;) = 0 forall 1 < j < nsince Ind(0Ry, 2;) = 1if j = k

and 0 otherwise. Moreover, we also have Ind(8,z) = Ind(«,z) = 0 when z
belongs to an unbounded connected component of C \ G, since

Ind(a, 2) = L J dw -0
2ni Jy w—z
as |z| — oo. Suppose, to obtain a contradiction, that there is some rectangle
R; with a boundary edge o that appears in $ with a coeflicient m # 0. Consider
B' = B —moR,;. Clearly Ind(’,z) = —m for points in the interior of R;, while
we still have Ind(B’,z) = 0 for z in other connected components of C \ G.
However, supp(f3') does not contain o, and hence Ind(f3’, z) should not change
when z crosses o, giving us a contradiction. l

To finish the proof we still need to show that S is a 2-chain in U. To that end,
it is enough to show that Ind(«, Zj) = 0 whenever Rj is not fully contained in U.
Suppose that z € R; \U for some j. Then Ind(e, z) = Ind(y, z) = 0 by construc-
tion, and moreover z lies in the same connected component of C \ supp(«) as
z;, since either z lies in the interior of R;, or it lies on the boundary, but the
corresponding boundary segment cannot be part of supp(«) ¢ U. Hence, we
have Ind(«, Zj) =0 as well. O

5.2 Residue theorem

The residue theorem yields a mechanical approach to doing contour integrals
of functions with point-singularities.

Definition 5.9. Let f: B(z,,7)\{z,} — Cbeholomorphic with Laurent series

o0

f(z) = Z a,(z —zy)".

n=—00
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We define the residue Res( f, z,,) of f at z, by setting Res(f, z,) =a_,. .

Let us now state the residue theorem.

Theorem 5.10 (Residue theorem). Let U C C be open and y be a closed 1-chain
in U such that Ind(y,z) = 0 forallz € C\ U. Suppose that z,,...,z, € U\
supp(y) are pairwise distinct and that f: U\ {z,, ..., z,} — C is holomorphic.
Then

J f(z)dz =2mi Z Ind(y, z;) Res(f, z.).
Y k=1
Proof. SinceInd(y,z) = 0forallz € C\U, yisaboundaryinU. Let us choose

r15...,1, > 0 such that B, = B(z;, ;) satisfies B, c U \ {zy,...,z,} U {z;} for
all 1 < k < n. Note that the 1-chain

y - Z Ind(y, z;.)0B;,
k=1

isaboundaryin U \ {z,, ..., z;}. Hence, by Stokes’ theorem we have

dz = S Ind(y, dz.
L f(2)dz ;In (y Zk)JaBk f(2)dz

Since the Laurent series f(z) = 2?2700 a;(z - z;)) around z; converges uni-
formly on 0B, we have

(o)

LBk f(z)dz = z a; J (z - z)/ dz = 2mia_, = 2miRes(f,z;). O

j=—00 k

The most common situation where the residue theorem applies is when U =
C and y is any closed contour.

Example 5.11. Let y be the boundary of the square [-10, 10]* and

cos(z)

J& = TG 2 100

We want to compute

J f(z)dz.
Y
Since f is holomorphic in C \ {1, 2,-100}, the residue theorem applies with

U = C. Note that —100 lies outside the square, so Ind(y,-100) = 0, while
Ind(y,1) = Ind(y,2) = 1. We then compute the residues. Note that since
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5 Residue calculus

(z — 1) f(z) is bounded near 1, f has a 1st order pole at 1. Hence,

cos(1)
101

Res(f, 1) = lim(z - 1) f(2) =

The pole at 2 is of 2nd order, so if we let g(z) = (z—2)* f(z), we have Res(f,2) =
g’ (2). Computing the derivative we have

—sin(z)(z — 1)(z + 100) — (z + 100 + z — 1) cos(z)

9@ = (z - 1)2(z + 199)2
° 102 sin(2) — 103 cos(2)
§'Q2) = —102sin(2) - cos ’
2012
giving us
B cos(l) —102sin(2) — 103 cos(2) .
.[ flz)dz = < 2012 )

5.3 Applications to integrals

One application where contour integration can turn out to be useful is in eval-
uating integrals of analytic functions over the real line. The idea is to integrate
from —R to R and then close the contour by adding a curve from R back to —R
in such a way that the integral over the added part will tend to 0 as R — oco.
The integral over the closed contour can then be evaluated using the residue
theorem.

Example 5.12. Consider the integral I_ dx. This is the Fourier trans-

(1+x2)
form of the function (1 + x2)~!/, or in probabilistic terms, the characteristic
function of the Cauchy distribution.

Note first that the integral converges since the integrand is O(x~2) as |x| —
oo and has no singularities. Moreover, since e'™ = cos(tx) + isin(tx) where
cos is an even function and sin is odd, we see that the imaginary part of the
integral vanishes and the value of the integral does not change if we replace ¢
by —t. We can thus assume that t > 0.

Our strategy for computing the integral is as follows: We consider a closed
contour Yy that consists of the segment [-R, R] and the semicircle Cy(t) =

Re”™, t € [0,1]. Then as R — oo the integral J R ﬂ(lttzzz) dz tends to the final

integral we are after, so if we can show that j dz tends to 0, we see that

(1+ n(1+22)

dz by using

71(1+z2)

J‘y itx dz — '[Ozo m dx. We can then evaluate _[

R m(1+z2)
the residue theorem to get the result.

Let us first show that Ej dz — 0. By taking absolute values

= .[C 71(1+z2)
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5 Residue calculus

we see that |Eg| < _[C ﬂ|1+22| |dz|. Note that |e*?| = eR¢(*?) < 1 sincet > 0

and Im(z) > 0 for z € supp(Cyp). The length of Cy is 7R, and by the triangle
inequality we have |1 + Z2?| = |z]> =1 = R?* — 1, so that
7R
<———>0
R= 2R -1) -

as R — oo.

Finally, let us compute J (sz) dz. The function (1+ =(17z5 has first order

poles at z = +i. By 1nspect10n Ind(yg,i) = 1 and Ind(yg, —i) = 0. We have

itz itz —t
Res <e—z> - lim(z - i)——— = &
(1 + z?) z—i n(l+2z2%) 2mi

Hence,

eztz eitz
J — dz = 2miInd(yg, i) Res (—2,i> =e™,
ye (1 +27) (1 + z%)

By symmetry we then have

0 eitx
J ——dx = e_|t|

—oo (1 + x2)

forallt € R. .

5.4 Applications to series

Contour integration can also help in evaluating certain series. The idea is to
choose a suitable function that has the terms of the series as residues.

A common strategy is to use the function g(z) = mcot(nz) = 7 S08(2)

sin(z)
a building block. This function has simple poles at z € Z with residue 1, as

shown by the computation

as

lim (z —m)mcos(nz)  mcos(nn)
z—n sin(7rz) - 7 sin’ (7n) B

We may also compute for z = x + iy that

l7TZ —inz

2 _ . _ .
zeZny +e 2y +62mx +e 2mix

7 cos(nz) |* +e

ezrrz _ e—mz

lg(2)” =

sin(71z) 2y 4 e 2my _ p2mix _ p-2mix

cos(27mx)

cosh(2my) — cos(2mx)
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5 Residue calculus

This is in particular bounded on the boundary of the square R, = [-n—1/2,n+
1/2]%, uniformly in n. The idea is now to multiply g by a function that corre-
sponds to the series we are trying to compute.

Example 5.13. Suppose that we want to compute

(o]

1
Z 1+n?

n=1

We consider the function h(z) = g(z)/(1 + z?) where g(z) = mcot(nz) and
integrate over OR,, to get

L, j h(z)dz = z Res(h, k) + Res(h, i) + Res(h, —i).
2mi Jor, —

The residue Res(h, k) is simply 1/(1 + k?). As the integral tends to 0 asn — 00,
we have

[oe]

1 : . g@)  g(-i)
= —Res(h,i) — Res(h, —i) = ——— — =——
k;w 1+ k2 estod) = Resth, =) = =57 =5

_ m,c'os(ﬂf) _ ere” c?sh(ﬂ) ——

sin(7ri) e’ —e” sinh(7r)
Thus, -

Y L = Lrcoth(m - 1). .
S 1+k* 2

Let us note that for this method to work well one usually needs to sum the
values of an even function. Treating odd functions can in fact be very hard.
For instance, the values ((1n) = Y12, kL" of the Riemann zeta function forn > 2
have a relatively simple representation if # is even, but for odd n much less is
known about them.
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Basic rigidity theorems

‘Rigidity” in mathematics is a loose term describing phenomena where some-
thing is completely determined by less information than one might expect to
be needed to specify the object in the first place. In the context of complex
analysis a common example is that a given holomorphic function is constant
because it satisfies some weaker-looking condition.

6.1 The maximum principle

Cauchy’s integral formula can be written in a slightly different way to show
that holomorphic functions satisfy the mean value property: The value of the
function at a given point is equal to its average over a circle around that point.

Theorem 6.1 (Mean value theorem). Let f be a holomorphic function in U.
Then for any z € U and r > 0 such that B(z,r) U we have

1 .
f(z) = J f(z +re*™) dt.
0
Proof. By Cauchy’s integral formula we have

2711
f(z) = 1 J fw) dw = 1 Jl flz+re™) t)ZﬂireZ”it dt
0

2711 Jop(zry W — 2 2mi Jo re2mit

1
= J f(zy +re*™) dt. O
0

Remark. Notice that this implies in particular that if f = u+iv is holomorphic
then also its real and imaginary parts u and v have the mean value property
u(z) = IOI u(z + re”™") dt. It turns out (but we won’t prove) that a function
u satisfies the mean value property if and only it is harmonic, meaning that
Au = 0 where Au = 0%u + aiu = 40,0;u.

Conversely, one can show that a given harmonic u: U — R in a simply
connected open set U has a harmonic conjugate v: U — R such that u +ivis
holomorphic. Indeed, one can define v by

v(w) =i J 0;u(z) dz,

w
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6 Basic rigidity theorems

where y,, is an arbitrary contour from a fixed point w, € U tow € U. Itis easy
to check that the integral does not depend on the choice of y,, since U is simply
connected and 0,0;u = 0. One then has djv(w) = iogzu(w) which implies that
f = u +ivsatisfies 05 f (z) = 0. .

From the mean value theorem one can derive the following surprisingly
powerful theorem (see also Theorem 6.10 for a generalization).

Theorem 6.2 (Maximum principle for circles). Let f be holomorphic in U and
suppose that z € U and r > 0 are such that B(z,r) c U. Then

|f(2) < sup |f(w)l
weB(z,r)
with equality if and only if f is a constant in B(z,r).
Before the proof let us check when equality holds in the triangle inequality
for integrals.

Lemma 6.3 (Triangle inequality). Suppose that f: [0,1] — C is continuous.
Then | IOI f@) dtl.g fol | f(t)| dt and the equality holds if and only if f is of the
form f(t) = r(t)e’gfor somer: [0,1] — [0,00) and 0 € [0, 2m).

Proof. Recall that integration is strictly increasing in the following sense: If

g>h: [0,1] — R are continuous real-valued functions such that g(t) < h(t)
forallt € [0, 1], then

Ll g(t)dt < Ll h(t) dt

with equality if and only if g(¢) = h(t) for all ¢ € [0, 1].
Let now f: [0,1] — C be continuous and choose 8 € [0,27) so that
e jol f(t)dt € [0,00) and let g(t) = Re(e™ f(¢)) and h(t) = |f(t)|. Then

we have

1 1 1 1 1
J f(t)dt‘ =e’6J f(t)dtzj g(t)dtgj h(t)dtzj |F ()] dt.
0 0 0 0 0

The inequality is an equality jf and only if Re(e f@®) =1f@®)forallt € [0,1],
which can only happen if e £(t) = | £(¢)!. O

Proof of Theorem 6.2. By the triangle inequality we have

1 .
|f(z)| = SJ |f(z +re™)|dt < sup |f(w)|.

0 weoB(z,r)

Jl flz +re?™) dt

0

The first inequality is an equality if and only if there exists a constant 6 € [0, 27r)
such that f(w) = | f (w)|e® for all w € dB(z, r), while the second inequality is
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6 Basic rigidity theorems

an equality if and only if | f(w)]| is constant. Hence, | f(z)| = sup,, c3B(er) | f(w)]
implies that f(w) is constant on 0B(z,r) and by Cauchy’s integral formula we
see that f is constant in B(z, r). [

As an application, let us prove the fundamental theorem of algebra.

Theorem 6.4 (Fundamental theorem of algebra). Let p(z) = a,z"+---+a,z+a,
be a polynomial of degree n > 1. Then there exists z, € C such that p(z,) = 0.

Proof. Suppose that the claim is not true, i.e. there exists a polynomial p for
which p(z) # 0 for all z € C. Then also f(z) = 1/p(z) is a holomor-
phic function on C. As |p(z)| > %Izl” for |z| large enough', we have that
SUP_ap.p) | f(2)] = 0as R — co. In particular there exists R > 0 such that
SUP_ o (0.R) | f(2)| < |f(0)], which contradicts the maximum principle. [

Remark. Recall that if r is a root of a polynomial p, then p(z) = (z - r)gq(z)
for some polynomial g. From Theorem 6.4 it then follows that every complex
polynomial p(z) = a,z" + -+ + a,z + a,, can be written in the form

p(z)=a,(z-1)...(z2—71,),

wherer,, ..., r, are the roots of p (some roots might appear multiple times).

6.2 Liouvilles theorem

Liouville’s theorem is somewhat similar to the maximum principle in that it
allows one to show that a given function is constant by looking at its size, but
it only works when the function is defined and analytic on the whole complex
plane. Holomorphic functions C — C are sometimes called entire.

Theorem 6.5 (Liouville’s theorem). Let f: C — C be a bounded holomorphic
function. Then f is constant.

Proof. Let f(z) = Y22, a,z" be the Taylor series of f at 0, which converges

n=0 "n

everywhere by assumption. Then the function g(z) = f(1/z) has the Laurent

series
0
—-n
> o
n=—00

converging in C\{0}. By assumption g is bounded near 0, so it has a removable
singularity at 0 and hence a, = 0 foralln > 1. O

"Note for instance that if M = max, ., , la;|, then for |z| > max(1, 2*) we have |p(z)| >

> ay

lagllz"| = 2128 lagllzl* > la,l1z"] - M|zl = el jz + 1217t (el ] - npp) > B,
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6 Basic rigidity theorems

Example 6.6. Suppose that f: C — C is holomorphic and non-constant. We
claim that the image of f is dense. Suppose that this is not the case. Then there
exists a ball B(z,,r) ¢ C\ f(C). The function

1
f(2) -z
is therefore bounded, so that by Liouville’s theorem it is constant. It easily
follows that f(z) is constant as well. .

Remark. Liouville’s theorem can in fact be strengthened quite a lot. A non-
constant holomorphic function C — C has to take as values all complex num-
bers, except at most one. This result is known as the Little Picard Theorem, but
its proof is slightly outside the scope of this course. The exponential function
does not take 0 as a value and serves as an example that one cannot improve
on the result.

Another extension of Liouville’s theorem says that if | f(z)| grows at most
polynomially as |z| — oo, then f has to be a polynomial. We leave its proof as
an exercise. .

6.3 The identity theorem

The identity theorem says that if the zeros of an analytic function have an ac-
cumulation point inside the domain then the function has to be 0.

Theorem 6.7 (Identity theorem). Suppose that U is connected and let f: U —
C be a holomorphic function. Suppose that there exists z, € U and a sequence
z, € U\ {zy} such that z, — z, and f(z,) = 0 for everyn > 1. Then f(z) =0
forallz € U.

Proof. Consider the set
Z={zeU:3(z,)52, cU\{z}withz, — zand f(z,) =0foralln > 1}.

Clearly z, € Z so Z is nonempty, and if z € Z then f(z) = 0 by continuity.
The set Z is closed in the subspace topology of U, since if z, € Z converge to
some z € U, then either the sequence is eventually constant and hence z € Z,
or there exists a subsequence z,, # z with f(z, ) = 0, implying z € Z. If we
can show that Z is open, we will be done since U is connected.

Suppose thus that z, € Z and consider a ball B(z,,r) c U. If f(z) = 0
for all z € B(z,, 1), then B(z,,r) C Z and we are done. On the other hand, if
f(z) # 0 for some z € B(z,r), then the power series of f around z, cannot
be identically 0. This means that f has a zero of order n at z, for some finite
n > 1. Let h(z) = f(2)/(z — z,)". Then limz_,z0 h(z) exists and is nonzero
by definition, but on the other hand since z, € Z, there exists a sequence
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6 Basic rigidity theorems

z, € B(zy, 1) \ {z,} such that f(z,) = 0, implying that h(z,) = 0 as well and

thus h(z,) = lim,,_,, h(z,,) = 0, which is a contradiction. ]

Corollary 6.8. Suppose that f,g: U — C are holomorphic functions on a con-
nected open set U C C and suppose that the set {z € U : f(z) = g(z)} contains
an accumulation point. Then the two functions must coincide on U.

Proof. Apply the identity theorem to f — g. O

Example 6.9. Suppose that we know that f: C — C is holomorphic and
f(x) = e*(x* + 2x) when x € R. Then the same formula must be true also for
x € C. This can be used to cheaply extend some familiar formulas from real
to complex setting. For instance, since

cos(2x) = cos?(x) — sin®(x) = 2 cos?(x) — 1

holds for x € R and both sides are analytic, the same has to hold also for
x € C. .

Using the identity theorem we can prove the following general maximum
principle.

Theorem 6.10 (Maximum principle). Let U ¢ C be a connected open set and let
f: U — C be holomorphic. If | f| has a local maximum at some point z, € U,
then f is constant.

Proof. Suppose that f has a local maximum at x,. Then there exists 7 > 0 such
that B(z,,7) ¢ U and | f(2)| < |f(a)| for z € B(z,,r). Then by Theorem 6.2
we see that f is constant in B(z,, ) and by the identity theorem it has to be
constant everywhere in U. O

Corollary 6.11. Suppose that U c C is a bounded connected open set and
f: U — C is holomorphic and extends continuously to oU. Then |f(z)| <
sup, 5y | f (W)l for all z € U and if equality holds, then f is constant in U.

Let us finish this section by proving the Schwarz lemma, which uses the
maximum principle to improve bounds on the modulus of holomorphic func-
tions fixing the origin.

Lemma 6.12 (Schwarz lemma). Let f: B(0,1) — C be holomorphic and sup-
pose that f(0) = 0and |f(z)| < 1 for z € B(0,1). Then |f(z)| < |z| for all
z € B(0,1) and | f'(0)| < 1. Moreover, if either | f'(0)| = 1 or | f(zy)| = |zl
for any single point z, € B(0,1) \ {0}, then there exists 0 € [0,2m) such that
f(z) = eiezfor all z € B(0,1).
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Proof. Note that since f(0) = 0, the function g: B(0,1) — C given by

=) - 1D ifz#0
I f(2), ifz=0

is holomorphic. By the maximum principle we thus have

N | =

lg(2)| < |81|1p lg(w)| <
for any z € B(0,1) and r € (|z|,1). Lettingr — 1 we get |g(z)| < 1 for
all z € B(0,1), or equivalently | f(z)| < |z| for z # 0 and | f'(0)| < 1 when
z = 0. If either of these inequalities is an equality, then [g(z)| = 1 for some
z € B(0,1), and again by maximum principle g(z) has to be a constant of
modulus 1, yielding f(z) = ¢z for some 6 € [0, 27). ]

6.4 Local behavior of holomorphic maps

In this section we will show that a holomorphic function looks locally like a
power map.

Theorem 6.13. Let U C C be open and simply connected and suppose that
f: U — C\ {0} is a holomorphic function with no zeros. Then there exists
a holomorphic branch of logef in U, i.e. a function L: U — C such that
exp(L(z)) = f(z) forallz € U.

Proof. Fix z, € U and let D be either C \ (-00,0] or C \ [0, 00), chosen so
that f(z,) € D. Define g: D — C by g(z) = Log(z) in the first case and by
g(z) = Log(o)zﬂ)(z) = im + Log(—z) in the second case. In either case we have
exp(g(z)) = z for z € D, so g is a branch of the logarithm. Define also

1) = g(fe) + | ];((ww)’
yZ

where y, is any contour in U starting at z, and ending at z. The definition of
L does not depend on the choice of contour as U is simply connected and all
such contours are homotopic. It is also easy to check that L is holomorphic in

U with I/ (z) = f (Z) . Indeed,

Liz+h) = L(z) + r”’ J; ((w)) dw = L(z) + r”’ <ff ((z)) . (1)>

=L(z) + J;, ((z))h + o(h)

b
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ash — 0. Let B(z,,r) be a small enough ball such that f(B(zy,r)) ¢ D. In
B(z,,r) the function g o f is an antiderivative of f’/f, and we have

1) = g(fe+ [ ];&U))

dw = g(f(20)) + 9(f(2)) - g(f(20)) = g(f(2)).

In particular 2@ = f(z) holds for z € B(z,,r). By the identity theorem we

must have e/® = f(z) everywhere in U. ]

Corollary 6.14. Suppose that U ¢ C is open and simply connected and f : U —
C \ {0} is holomorphic. Then there exists a branch of the nth root of f, i.e. a
holomorphic function h: U — C such that h(z)" = f(z) for z € U. Indeed, one
can choose h(z) = eX@/",

We are now ready for the main theorem of this section.

Theorem 6.15. Suppose that f: B(z,, R) — C is a holomorphic function that
has a zero of order m > 1 at z,. Then there exists 0 < r < R and a holomor-
phic homeomorphism ¢: B(z,,r) — @(B(z,,1)) with ¢(z,) = 0 and such that
f(z) = (¢(2))" for z € B(z,,1).

Proof. Since f has a zero of order m at z,, we can write f(z) = (z — z,)" g(2)
for some holomorphic function g: B(z,, R) — C with g(z,) # 0. In partic-
ular, there exists r;, > 0 such that U = g(B(z,,r;)) does not contain 0. Let
h(z) = g(z)l/ ™ be a branch of mth root of g we obtained in Corollary 6.14.
Then f(z) = (¢p(2))™, where ¢(z) = (z — zy)h(z). Note that ¢’ (z,) = h(z,) =
g(z)"™ # 0. Hence, by the inverse function theorem ¢ maps B(z,, ) bijec-
tively to an open set ¢(B(z,,)) for some r < r; and ¢" is holomorphic with
o' (2) = m~ [

Corollary 6.16. Under the assumptions of the theorem, f is m-to-1 for z €
(p_l(B(zo,e)) \ {2y} for € > 0 small enough so that B(z,,¢) C @(B(z,,1)) (exer-
cise). In particular, if a holomorphic function g: U — C satisfies g’ (z) = 0 at
some z € U, then g cannot be injective on U (note that g(w) — g(z) has a zero
of order at least 2 so g(w) is at least 2-to-1 near z).

Corollary 6.17 (Open mapping theorem). Let f : U — C be holomorphic and
non-constant. Then f is an open map, meaning that if V. c U is open, then f(V)
is open.

Proof. 1t is enough to show that for any z, € U there exists a ball B(z,,r) c U
such that f(B(z,,r)) isopen. Let g(z) = f(z)— f(z,). Since f is non-constant,
g hasazerooforder 1 < m < oo at z,. By Theorem 6.15, there exists r > 0 and
a holomorphic homeomorphism ¢: B(z,,r) — ¢@(B(z,,r)) such that g(z) =
(p(2))" for z € B(z,r). Since both ¢ and the power map z +— 2z are open,
g(B(z,,r)) is open as well, and as translations are open, so is f(B(z,r)). [
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7.1 The Riemann sphere

Consider the function «(z) = 1/z defined on C \ {0}. Although the limit as
z — 0 does not exist in C, the function still behaves in a controlled manner
near 0. Namely, for any R > 0 we have 1/z ¢ B(0, R) once |z| is small enough.
Thus, (z) eventually escapes every bounded set of C as z — 0, and in that
sense we could say that i((z) — oco.

Definition 7.1. The extended complex plane, also known as the Riemann
sphere, is the set C = C U {oo} where a new point co has been added to C.

With this definition, we may extend  to a bijection C — C by setting 1(0) =
oo and ((co) = 0. Note that /is an involution® that maps C\{oo} & C\{0}. The
set C \ {0} can thus be viewed via ¢ as another copy of C and given a topology
by saying that U ¢ C \ {0} is open if and only if :~}(U) is open in C. Finally,
we give the whole C a topology by saying that a set U ¢ C is open if and only
ifU \ {00} is open in C\ {co}and U\ {0} is open in C\ {0}.

Lemma 7.2. The above construction defines a topology on C.

Proof. Clearly @ and C are open.

IfU and V are open in C, thenU NV \ {oo} = (U \ {co}) N (V' \ {c0}) is open
in ((:3 \ {oo} and similarly U n V' \ {0} is open in C\ {0}, so that U NV is open
in C.

If (U,),; is an arbitrary collection of open subsets of C, then U..; Ui\ {oo} =
U.;U; \ {c0}) is open in C \ {oo} and similarly U.; U; \ {0} is open in C\ {0},
showing that | J,_, U; is open in C. O

Briefly speaking, whenever we need to study what happens near co, we can
via the map 1 instead look at the situation near 0. Thus, since B(0,7), r > 0,
form a neighborhood basis of 0, the sets ((B(0,7)) = {z € C : |z| > 1/r} U {oo}
form a neighborhood basis of 0o, and in particular for a sequence z, € C we
have z, — o0 & i«z,) —- 0 & 1/|z,] — 0 & |z,|] — +0co0, where we
have defined |oo| = +00, the positive infinity in the extended real numbers
R U {too}. (Note that here co and +00 are not the same thing. If we have a
sequence of real numbers x,, that tends to +00, then on C they tend to oo, but
the converse is not true.)

' An involution is a function that is its own inverse.
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(0,0,1) [u + iv|

v

Figure 7.1: Stereographic projection viewed from the side.

Example 7.3. The functions z — z, z — 2%, z +> 1/z can be defined continu-
ously on C by taking limits.

On the other hand, the function exp(z) cannot be continuously extended to
a function C — C, since exp(z) — 0 when z — -0 along the real axis, while
exp(z) — +00 when z — +00. .

The reason for the name Riemann sphere is that C is topologically equivalent
to the two-dimensional sphere. A particularly nice homeomorphism between
the two is given by the stereographic projection which maps a point (1, v, w) €
R? with u® + v* + w? = 1 to the point 'ffz € Cin the case w € [-1,1), and
to co in the case (1, v, w) = (0,0, 1). The point % is where the line through
(0,0,1) and (u, v, w) intersects the plane w = 0, which we identify with C, see
Figure 7.1. Note that the unit circle u?+v? = 1 stays fixed, while the points with
w < 0 map to the unit disc B(0, 1) with (0, 0, —1) mapping to 0. The points with
w > 0 map to the exterior of the unit disc, with the point (0, 0, 1) mapping to
the point at infinity. An interesting feature of this map is that its inverse takes
both lines and circles on C to circles on the sphere (we will skip the proof).

Above we wrote C as the union of the two sets C \ {co} and C\ {0} and noted
that they can be parametrized by C: For z € C \ {00} = C we can simply use
id(z) = z itself as a coordinate, while for z € C \ {0} we can use i(z) = 1/z =: {

as a coordinate with ((co) = 0. In the intersection C \ {0, 00} we have the
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coordinate transformation z - { = 1/z, which is holomorphic. This makes C
an example of a complex manifold with coordinate charts (C \ {co},id) and
(C \ {0}, 1), but we are not going to talk about manifolds in general.

Let now U ¢ C be open and f: U — C be a continuous function. We
say that f is holomorphic near z, € U if it is holomorphic in suitable local
coordinates around z, and w, = f(z,). More precisely, there are the following
cases:

 If z), w, € C, we can simply check that f(z) is holomorphic near z,,.

o Ifz, € Cand w, = oo, then we must use the {-coordinate on the image
side, which corresponds to checking that the function

A, if f(2) # 00

9(2) = 1(f(2) = {0, if £(2) = o

is holomorphic near z;.

o If z, = co and w, € C, we must use the {-coordinate on the domain
side and check that

e QYD) ifC#0
g) = f@ (C))—{wo’ €7 20

is holomorphic near 0.

o Finally, if z;, = w, = 0o, we must use the {-coordinate both on the
domain and the image, which corresponds to showing that the function

ﬁ, if{ #0and f(1/{) # co

0, otherwise

9@ = u(fH O = {

is holomorphic near 0.

Example 7.4. The function f(z) = z* is holomorphic on C when we define
f(00) = oo: It is clearly holomorphic on C, while around z, = co, we must
check the holomorphicity of 1/(1/{)* = {* near 0, which is clearly holomor-
phic.

Similarly, f(z) = 1/z with f(0) = co and f(oco) = 0 is holomorphic. It is
clearly holomorphic on C \ {0} since in the usual coordinates f(z) = 1/z is
holomorphic. Around 0 we map to co, so we must use {-coordinates on the
image side and check that 1/ f(z) = 1/(1/z) = z is holomorphic, which it is.
Finally, around co we map to 0, so we must use {-coordinates on the domain
side and check that f(1/{) = 1/(1/{) = { is holomorphic, which it is. .
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7 Conformal bijections

Lemma 7.5. Let U C C be open and connected and suppose that f: U — C
is continuous and not identically co. Let also P = {z € U : f(z) = oo}.
Then f is holomorphic if and only if the set P has no accumulation points in U,
f: U\ P — Cis holomorphic, and every singularity point z € P is a pole.

Proof. Suppose first that f is holomorphic and not identically co on U. If P
has an accumulation point z, € U, then the function 1/ f (z) has accumulating
zeros at z, so that by the identity theorem 1/ f(z) = 0 everywhere?, implying
that f(z) = oo for all z € U, a contradiction. Next we note that if z;, € P, then
to f is holomorphic B(z,,r) — C for some r > 0. In particular, it has a zero of
order m > 0 at z, and m = ¢g(z) is a holomorphic function in B(z,, )

with g(0) # 0. Hence, 1/g is also holomorphic near z, and f(z) = m
has a pole of order m at z;.

Conversely, suppose that P has no accumulation points and that f is holo-
morphic outside P with poles at P. Then for z, € P with pole of order m,
the function h(z) = (z — z,)" f(z) can be extended to be analytic at z, with
h(z,) # 0. Hence, i(f(2)) = (z—2,)" /h(z) is analytic near z, and by definition,
f is a holomorphic C-valued function near z,. O]

Holomorphic functions f: U — C are also called meromorphic (exclud-
ing the special case when f(z) = oo for all z € U). Equivalently, a function is
meromorphic if it can be expressed as the ratio of two holomorphic functions
f>g: U — C, where g is not identically 0 (it is easy to see that ratios of holo-
morphic functions are meromorphic, but the converse is more difficult and we
skip the proof). For instance, 1/ sin(z) is meromorphic in C (it has first order
poles at z = min, n € Z) but e/ is not since it has an essential singularity
at 0. (On the other hand, e'/# is meromorphic (and even holomorphic) as a
function C \ {0} - C.)

Let us close this section with the following theorem which says that holo-
morphic functions defined on the whole Riemann sphere are a fairly restricted
class.

Theorem 7.6. A map f: C — C is holomorphic if and only if it is a rational
function (extended continuously to C) or f(z) = oo everywhere.

Proof. Rational functions are clearly holomorphic since they have no essential
singularities. Suppose that f: C — C is holomorphic and not co everywhere.
Then f can only have finitely many points z,, ..., z,, € C with f(z;) = oo for
allk = 1,...,n (otherwise, since C is compact, they accumulate somewhere).
Moreover, all of these points have to be poles of f. Let Q, be the principal part
of the Laurent series of f at z;. Also since f is holomorphic at co, we know

*It is easy to check that the identity theorem holds also for holomorphic functions that can
take the value oo.
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that in the { coordinates f(1/{) has no essential singularity around 0. Let P({)
be the principal part of the Laurent series of f(1/{) at 0 and define

92) = f@&) - Y Qul2) - P(1/2)
k=1

forz € C\ {z,...,z,}. Then g is bounded near every z; and also as z —
00, meaning that g: C — C is a bounded holomorphic function. Hence, by
Liouville’s theorem g = c is constant and f(z) = ¢ + Y[, Qx(2) + P(1/z) isa
rational function. O]

7.2 Mobius transformations

Definition 7.7. Let a,b,c,d € C be such that ad —bc # 0. Amap f: C — C
of the form

is called a Mobius transformation. .

In the definition above it is understood that if ¢ = 0 then f(co) = oo, while
otherwise f(co) = ‘Cl and f (_C—d = 00. The condition ad — bc # 0 ensures that
the map is well-defined and non-constant.

The following theorem identifies Mobius transformations as the holomor-
phic automorphisms of the sphere.

Theorem 7.8. Every holomorphic bijection C — C is a Mobius transformation
and vice versa. They form a group Aut(C) under composition of mappings and
Aut(C) is generated by Mobius transformations of the form z +— z + a (transla-
tions, a € C), z — Az (rotations and scaling, A € C\ {0}) and z — 1/z.

Proof. Let us first show that every holomorphic bijection f: C — C is a
Mobius transformation. By Theorem 7.6 f is a rational function and we can

thus write . .
(z—z)" ... (z—2,)

flz)=A

(z-w)b ... (z —w,,)tn

for some a,zy,..., 2, wy, ..., w,, A € Cwithn,m > 0, k;,¢ > 1and with
z; # wy for all j, k. Since f is a bijection we must have A # 0. Note also that
ifn > 2, then f takes the value 0 at least twice and is not a bijection. Similarly,
if m > 2, then f takes the value oo at least twice. We cannot have n = m = 0,
since then f is a constant map. Moreover, we must have k; = 1 for every

j =1,...,n, since otherwise we have f'(z;) = 0, which implies that f is not
injective around z;. Similarly, we must have ¢; = 1 because otherwise 1/ f will
Az—Az,

not be injective, so neitheris f. If n = m = 1, then f(z) = is a Mobius

z—w,

79
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transformation because z;, # w;. If n = 1,m = 0, then f(z) = A(z — z;) and if
n=0,m=1,then f(z) = In both cases f is a Mobius transformation.

Let us next show that a given Mébius transformation f(z) = Z—:Z with ad —
bc # 0 can be expressed as a composition of the given generators. Since the
generators are holomorphic bijections, this also shows that f is a holomorphic
bijection.

Let us first consider the case ¢ = 0. Note that then a and d have to be nonzero
since otherwise ad — bc = 0. We can use the following steps to reduce f to the
identity transformation by using the generators

z-w; "’

az+b =5 az %z
—
d d
Letting f,(z) = z — b/d and f,(z) = dz/a, we have f'(z) = z + b/d and
f5 (z) = az/d. Thus, %er = (fi' o f;1)(2) expresses %er as a composition of
generators.

Suppose then that ¢ # 0. This time we can use for instance the following
steps:

az+b =% bc-ad =3 1 A zed 5, Pz
—c‘z+ed — ¢z — z.

cz+d c2z+cd c2z +cd

Again, inverting the chain lets us express f using the generators. ]

Let us next discuss the degrees of freedom in Mobius transformations. It
turns out that they are uniquely determined by specifying 3 points and their
images.

Theorem 7.9. Suppose that z,,z,, z;, W, Wy, w; € C are six points such that
z; # ziand w; # wy for j # k. Then there exists a unique Mobius transformation

f: C — Csuchthat f(z;) = wy forallk = 1,2,3.
Proof. We note that the map

le,zz,z3 (z)

satisfies f(z,) =0, f(z,) = 1 and f(z;) = co. Hence, g = fllll,wz,% © foizpz, 18
the map we are after, and it remains to show the uniqueness.
Suppose first that f(z) = %% satisfies f(z;) = z; for k = 1,2,3. We claim

cz+d

that f has to be the identity transform. Suppose first that none of the points
z;. is co. Then

p— 2 p—
f(z)_zzaz+b_z: cz-+(a—-d)z+b

cz+d cz+d
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is a rational function that has 3 zeros at z,, z, and z5. Its numerator is of degree
at most 2, so this implies that the numerator has to vanish and f(z) = z. If
z; = 00, then we must have ¢ = 0, and we again argue that

f(z)—z:aZ;b—z

is a polynomial of degree at most 1 but has zeros at z; and z,, so it has to be 0.

Finally, suppose that z;, and wy, are arbitrary and that f and g are two Mobius
transformations mapping f(z;) = g(z;) = w; and g(z;) = wy. Then g~ o f
maps z; — z; for k = 1,2, 3, and thus it has to be the identity map and hence
g=f. O]

Consider next a circle |z—z;| = |z,| in the plane with center at z, and passing
through 0. As z, — oo the circle looks more and more like a line. In C the
limiting object is in fact still topologically a circle, just passing through co. It
therefore makes sense to define generalized circles as either circles or lines.

Definition 7.10. A generalized circle is a subset of C that is either a circle in
C, or L U {oo} where L is a line in C. .

Theorem 7.11. Let f: C — C be a Mobius transformation. Then f maps gen-
eralized circles to generalized circles.

Proof. 1t is clear that the generators z — z + a and z — az map generalized
circles to generalized circles, so we will be done if we can show that z %
does the same.

Note that the equation of a circle |z — a| = r can be after squaring and ex-

panding written in the form
|zI? —az—az + |al*> -r* = 0.
More generally, if we look at an equation of the form
clzP-az-az+d =0

withc,d € Rand a € C, thenifc # 0 and ¢d < |al?, this represents the circle

W- If c = 0 and a # 0, we instead get the line

Re(az) = a,z, + a,z, = d. Now, if w = 1/z then z satisfies the equation if and
only if w satisfies

with center %’ and radius

c—aw-aw+dw)? =0,

which is again an equation of the same form. Thus, 1/z maps generalized cir-
cles bijectively to each other. ]
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7 Conformal bijections

Recall that affine transformations like scaling, rotation and translation pre-
serve both angles and ratios of lengths. In particular, if z; is a complex number
that we treat as the origin and z,, z; are two other numbers, then

2~ %

is unchanged when we map zj f (zj) where f (zj) = az+bforsomea,b € C.
For general Mébius transformations this is not true anymore, but a weaker
property still holds: they preserve ratios of ratios, also known as cross-ratios.

Definition 7.12. Let z,,2,,25,2, € C be distinct points. Their cross-ratio
(21,255 23, 24) is defined by setting

(21,295 23,24) = :
When two of the points are equal, we define the cross-ratio as a limit when one
of the points tends to the other. Similarly, if one of the points z;. is co, we may
define the cross-ratio as the corresponding limit as z;. — ©o. .

An alternative way of thinking about the cross-ratio is as follows: Suppose

that z,,z,, z; are distinct and let h(z) = 2= . 22 be the unique Md&bius
Z3-2, Z-Z4

transformation that maps z;, — 00, z, = 0and z; — 1. Then (z,,2,;23,2,) =

h(z,).

Theorem 7.13. Let z,, 2,, 23, 2, € C be distinct and let f be a Mobius transfor-
mation. Then

(21,223 23, 24) = (f(21), f(2,); f(23), f(24))-

Proof. Let h be the Mobius transformation that maps z; — 00, z, — 0 and
z; + 1. Then g = ho f~! is the Mébius transformation that maps f(z,) + oo,
f(z,) — 0and f(z;) — 1and

(21,2523 24) = h(zy) = g(f(24)) = (f(2)), f(25); f(23), f(2,)). DD

Cross-ratio preservation also yields a good way of computing the coefficients
of a Mobius transformation. Suppose that we want to find the Mobius transfor-
mation f that maps z; — wy, k = 1,2, 3. Then instead of writing f(z) = Z::Z
and solving each of the three equations f(z;) = w; (and say ad — bc = 1 to fix
the normalization) for a, b, ¢, d, we can instead write the cross-ratio condition

(21,255 23, 2) = (W;, W,; W5, f(z)) which holds for all z € C and then solve for

f(2).

Example 7.14. Suppose that we want to find a Mobius transformation f that
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7 Conformal bijections
maps 1 — 3,2 — —iand 3 — 1. Since f has to preserve cross-ratios, we must
have (1,2;3,2) = (3,-i; 1, f(2)), or equivalently

B-D(-2) _ (1A-3)(f(z) +1)
(z-1DB-2) (f(z2) -3)(1+i)

Simplifying we get
2z-4  -2f(z) - 2i

z-1  (f(2)-3)1+i)
Multiplying by f(z) — 3 we have

(f(z)—3)2z_4 _ —2f(z)—2i.

z—1 1+

Collecting factors of f(z) and moving the rest to the right-hand side we have

22-4 2 )_62—12 2i
z-1 1+i/ z-1 1+i

f@) (
Multiplying by (z — 1)(1 + i) we get
f(@)((2z - 4)(1 +1) +2(z - 1)) = (62 — 12)(1 +i) - 2i(z - 1)
and simplifying gives us
f(2)((4 +2i)z — 6 — 4i) = (6 + 4i)z — 12 — 10i
and finally

o) = (6+4i)z—-12-10i (3 +2i)z—6—5i
(4+2i)z—-6—4i Q+i)z-3-2i

7.3 Conformal maps

Conformal maps f are maps that are locally invertible and preserve angles and
orientation at every point, meaning that their derivative only rotates or scales
tangent vectors — see Figure 7.2 for an example. In other words, at a given
point z with tangent vector v we should have d f, (v) = a(z)v for some complex
number «a(z) € C\ {0}, but this is equivalent with having d f, = f’(z) dz with
f'(z) #0.

Definition 7.15. A mapping f : U — C is conformal if it is holomorphic and
f'(z) +0forallz € U. .

Note that since Mobius transformations are injective, they must have nonzero
derivative everywhere (assuming that we use the {-coordinates at the pole).
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L0 1.0
~1.0 H ~1.0

i L L L L L s L L L L L L L
—1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

Figure 7.2: The function f(z) = z+0.0731647z° +0.00358709z° approximates
a conformal map from the square [~1, 1]* to the unit disc [3, p. 286]
(in reality the map is given by a certain elliptic function). Note how
the grid lines still intersect at right angles after the mapping except
at the four points corresponding to the vertices of the square where
the map is not conformal.

An important question that often arises is whether there exists a conformal
bijection U — V between two open sets U,V ¢ C, and to find such a bijec-
tion if possible. Via conformal mappings it is often possible to solve a given
problem in an easier domain and then transfer the results back to the orig-
inal domain. The most important theorem in this direction is the Riemann
mapping theorem, which we will only state here.

Theorem 7.16 (Riemann mapping theorem). Suppose that U < C is open,
nonempty, simply connected and U # C. Then there exists a conformal bijec-
tion f: B(0,1) — U.

The conformal maps coming out of the Riemann mapping theorem are typi-
cally non-explicit, although their qualitative properties can be studied further.
We will instead focus on looking at some simple concrete conformal mapping
problems involving Mébius transformations and other basic functions.

Example 7.17. Let us find a Mobius transformation that takes 0B(0, 1) to R,
with B(0, 1) mapping to the upper half-plane H = {z € C : Im(z) > 0}. We
will first pick three points on dB(0, 1), say z; = -1, z, = 1 and z; = i. Next we
need to decide where want to map them and pick three image points on the
generalized circle R U {oo}. Since we want to map B(0, 1) to the upper half-
plane, and since conformal maps preserve orientation, we can simply make
sure that when we trace 0B(0, 1) from z; to z, to z; then on the image side
when we go from f(z;) to f(z,) to f(z;), the upper half-plane always stays to
the left of the curve. This means that we should pick f(z,), f(z,) and f(z3) in
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1= f(-i) 1= £()

Py >

0= f(1) f(=1) =0

si=f(0)
s-i = f(c0)

Figure 7.3: The Mobius transformation f(z) =i g and its inverse.
1.0F
05} TN 2

0.0

—0.5F

—1.0f+

L L L ! L
-1.0 -0.5 0.0 0.5 1.0

Figure 7.4: The image of Pac-Man under f(z) = i+-= before it eats the singu-

1+z
larity at —1.
(cyclically) increasing order. Let us pick f(z;) = 0o, f(z,) =0and f(z;) = 1.
In this case the map is then given by

z-1 i+1 1-z
z) = . =1 .
f() z+1 i-1 1+2z

It is easy to check that

-1 i—-z

z)=—.

P i+z
A schematic plot of this map and its inverse is in Figure 7.3 and the map is
plotted in Figure 7.4. .

Example 7.18. Consider the opensetU = {z € C : Re(z),Im(z) > 0}, which s
the positive quadrant of the complex plane. It can also be viewed as the sector
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U = {reie :r > 0,0 € (0,7/2)}. The map f(z) = z? doubles the angle and
squares the radius, so it takes U bijectively to the upper half plane H. We also
have f’(z) # 0 for z € U, so f is conformal. Composing this with the map in
the previous example we get a conformal bijection U — B(0, 1) given by

i—z?
z -

i+z%

Note that the map z + z* is not conformal at z = 0. Indeed, the 90° angle at
the boundary of U at 0 gets transformed into a 180° angle, even though angles
are preserved everywhere else. .

Let us finish by considering conformal maps from H or B(0, 1) to itself. One
can easily find Mobius transformations that map B(0,1) — B(0,1)or H - H
bijectively, so the main content of the theorems below is that there are no other
exotic conformal bijections.

Theorem 7.19. Let a € B(0,1) and 0 € [0, 27r). The Mobius transformation

92— a

J& =

is a conformal bijection B(0,1) — B(0, 1) and all such maps are of this form.

Proof. Note first that if f is of the given form then for z € 0B(0, 1) we have

lz—al _|z—al _lz-al _

|f(2)] = |

l-az| |l-a/z| |z—al

since z = 1/z when |z| = 1. Thus, f maps the unit circle to unit circle, and
since f(a) = 0, it must map the inside of the circle to the inside of the circle.
Suppose next that f: B(0,1) — B(0, 1) is a conformal bijection and let b =
f(0). If (z) = 12—_52’ then g = ¢ o f is a conformal bijection B(0,1) — B(0, 1)
with g(0) = 0. By Schwarz lemma we must have |g’(0)| < 1. Similarly, g~! is
a conformal bijection and by Schwarz lemma also |(g™") (z)| < 1. Noting that

(g71)'(0) = 1/g'(0) we get |g (0)| = 1. But then, again by Schwarz lemma, we

must have g(z) = ez for some 6 € [0, 27). Noting that 97! (z) = f:g’z we have
Oz +b 02z +e b
2) = ¢\ (glz)) = S 2T = it —,
fl@) =97 {g(2) 1+ be®z 1 +e%bz
which is of the wanted form with a = —e™b. O

Theorem 7.20. The conformal maps f: H — H are the Mobius transforma-

tions ZIZ with a,b,c,d € R satisfying ad — bc > 0.
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Proof. Let ¢(z) = —i z—;} be the Mobius transformation mapping B(0,1) — H
with f(-1) = 0o, f(1) = 0and f(i) = 1. Amap f: H — H is a conformal
bijection if and only if ¢ o f o ¢! is a conformal bijection B(0,1) — B(0, 1).
This implies that f has to be a Mobius transformation.

The Mobius transformations that map H — IH need to map R — R while
preserving orientation. Any such map f can be specified by three distinct
points xy, x,, x; € RU{oco} and requiring f(x;) = 00, f(x,) = 0and f(x;) =1,
while making sure that x;, x,, x5 go cyclically from left to right on the real axis.
Suppose first that x,, x,, x5 # 00. The map is then given by

(z—x)(x3-x,) az+b

f(2) =

(z-x)(x; - x,) cz+d
with
a=x3-x, b=-x(x3-x), c=x3-%, d=-x(x;3-x,).

Note that

ad — bc = (x5 — x,) (x5 — %) (x5 — x1)
and this is positive if and only if x; < x, < x5 0r x5 < x; < x, 0rx, < x5 < X,
which is the case if and only if the points are ordered cyclically from left to
right. If one of the points, say x5, equals co, then

z-x, az+b

zZ) = =
@ z-x;, cz+d
with

a=1, b=-x,, c=1, d=-x,

and ad — bc = x, — x;, which is positive if and only if x, > x,, again meaning
that x,, x,, 0o are ordered cyclically from left to right. The cases x; = co or
x, = 0o can be handled similarly. ]

These results are useful for instance when one thinks about uniqueness in
the Riemann mapping theorem.

Example 7.21. Suppose that U # C is simply connected and f,g: U — Hare
two conformal bijections. Then ¢ = fog™ is a conformal automorphism of H,
and hence a Mobius transformation. Thus, f and g arerelated by f = pog. «
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